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Abstract. We provide a survey of past research and a list of open problems 
regarding central simple algebras and the Brauer group over a field, intended 
both for experts and for beginners. 



There are many accessible introductions to the theory of central simple algebras 
and the Brauer group, such as [Alb61], [Her68], [Pie82], [Dra83], [Row91, Ch. 7], 
[Ker90], [Jac96], and [GS06] — or at a more advanced level, [Sal99]. But there 
has not been a survey of open problems for a while — the most prominent recent 
references are the excellent surveys [Ami82], [Sal84], [Sal92], and [SalOl]. Since the 
last survey, major new threads have appeared related to geometric techniques. As 
examples, we mention (in chronological order): 

• Saltman's results on division algebras over the function field of a p-adic 
curve, see [Sal97a], [Sal07], [BrulO], [PS98], [PSar]; 

• De Jong's result on the Brauer group of the function field of a complex 
surface, see [dJ04], [Lie08], and §4; 

• Harbater-Hartmann-Krashen patching techniques, see [HHK09] and [HHKar]: 
and 

• Merkurjev's bounding of essential p-dimension of PGL„, see [MerlO], [Merar], 
and §6. 

Motivated by these and other developments, we now present an updated list 
of open problems. Some of these problems are — or have become — special cases of 
much more general problems for algebraic groups. To keep our task manageable, 
we (mostly) restrict our attention to central simple algebras and PGL n . The fol- 
lowing is an idiosyncratic list that originated during the Brauer group conference 
held at Kibbutz Ketura in January 2010. We thank the participants in that prob- 
lem session for their contributions to this text. We especially thank Darrel Haile, 
Detlev Hoffmann, Daniel Krashen, Dino Lorenzini, Alexander Merkurjev, Raman 
Parimala, Zinovy Reichstein, Louis Rowen, David Saltman, Jack Sonn, Venapally 
Suresh, Jean-Pierre Tignol, and Adrian Wadsworth for their advice, suggestions, 
and (in some cases) contributions of text. 
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0. Background 



Basic definitions. Let F be a field. A ring A is a central simple F-algebra if A 
is a finite dimensional F-vector space, A has center F, and A has no nontrivial 
2-sided ideals. An F '-division algebra is a central simple f-algebra with no non- 
trivial 1-sided ideals. Every central simple F-algebra B is isomorphic to a matrix 
algebra over a unique F-division algebra (Wedderburn's theorem), which is said 
to be associated with B. Two algebras are said to be (Brauer) equivalent if their 
respective associated division algebras are ^-isomorphic. Thus two algebras A and 
B are equivalent if there exist number n and m such that M. n (A) = M m (B). The 
resulting set of equivalence classes forms the (classical) Brauer group Br(F), and 
this set inherits a group structure from the F-tensor product on algebras. The 
index of a central simple algebra is the degree of its associated division algebra, 
and the period (or exponent) is the order of its Brauer class. 

Recall that an etale F-algebra is a finite product of finite separable field ex- 
tensions of F. Such an algebra L is Galois with group G if Spec L is a G-torsor 
over F. In other words, L/F is finite and separable, and G acts on L via F- 
automorphisms such that the induced action on Homi?_ a i g . (L, F sop ) is simple and 
transitive, where F scp is a separable closure of F. If L/F is G-Galois then there 
exists a subgroup H of G and an .ff-Galois field extension K/F such that L is G- 
isomorphic to Hoirii?-v.s. (F[G/H], K) with the induced action and pointwise prod- 
uct. Equivalently, L is G-isomorphic t to Y\g/h(K)sH , where G/H is the coset 
space. Compare [Mil80, §1.5]. 

Definition of a crossed product. The classical theory shows that each central 
simple F-algebra B of degree n contains a commutative etale subalgebra T of degree 
n over F, called a maximal torus. Equivalently, there exists an etale extension T/F 
of degree n that splits B, i.e., such that B (x) F T = M n (T). By definition, B is a 
crossed product if B contains a maximal torus that is Galois over F. Further, B is 
cyclic if B contains a maximal torus that is cyclic Galois over F. It is easy to see 
that every B is Brauer-equivalent to a crossed product. For if L/F is the Galois 
closure of a maximal torus T a B with respect to a separable closure F sep , and 
[L : T] = m, then L is a Galois maximal torus of G = M m (B). 

Determining the crossed product central simple F-algebras B with Brauer-equivalent 
division algebra A is equivalent to determining the finite Galois splitting fields of 
A. For B is a G-crossed product via some G-Galois maximal torus L/F if and only 
if A is split by an ff-Galois field extension K/F, where H ^ G and K/F where K 
is the image of L under an (any) F-algebra homomorphism from L to F scp . Thus, 
problems involving crossed products focus on the Galois splitting fields of division 
algebras. 
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It follows from the above that if A is a crossed product or is cyclic, then so 
is every B = 1sfL n (A). The converse turns out to be false; there exist noncrossed 
products, as we shall see below. Moreover, in case F has prime characteristic p, 
Albert proved that every p-algebra (i.e., central simple algebra of period a power of 
p) is Brauer-equivalent to a cyclic algebra. But [AS78] gives an example of a non- 
cyclic p-algebra. One can lift this example to a complete discrete valuation ring of 
characteristic and so find a central simple algebra A over a field of characteristic 
such that M n (A) is cyclic for some n but A is not. 

Cohomological interpretation. Much of the interest in crossed products stems 
from the fact that the Galois structure of a crossed product allows us to describe it 
simply (see §6) and explicitly. For if B is a crossed product via a G-Galois extension 
K/F, then B's algebra structure is encoded in a Galois 2-cocycle / e Z 2 (G,K X ), 
which is easily extracted from B in principle. Conversely, each / e Z 2 (G,K X ) 
defines a G-crossed product Bf with maximal subfield K/F, by letting 

B f = @Ku s 

seG 

be a K- vector space on formal basis elements u s , and defining multiplication by 
u s u t = /(s, t)u s t and u s x = s(x)u s for all s,t e G and x e K. The equivalence rela- 
tion on central simple algebras induces an equivalence on cocycles, and the resulting 
group of equivalence classes is the Galois cohomology group H 2 (G,K X ). Note that 
every central simple algebra is a crossed product if and only if the correspondence 
between classes extends to the level of cocycles and algebras. 

The crossed product problem for division algebras. Since every algebra 
representing a given class is a crossed product if and only if its associated division 
algebra is a crossed product, the interesting question is whether every F- division 
algebra is a crossed product. 

Fields over which all division algebras are known to be crossed products include 
those that do not support division algebras in the first place (fields of cohomological 
dimension less than 2, such as algebraically closed fields and quasi- finite fields), 
those over which all division algebras are cyclic (global fields and local fields), 
and those over which all division algebras are abelian crossed products (strictly 
henselian fields [BruOl, Th. 1], at least for algebras of period prime to the residue 
characteristic) . 

For much of the 20th century it was reasonable to conjecture that every central 
simple algebra was itself a crossed product. Then, in 1972, Amitsur produced non- 
crossed product division algebras of any degree n divisible by 2 3 or p 2 for an odd 
prime p, provided n is prime to the characteristic. The centers of these (universal) 
division algebras are given as invariant fields; their precise nature is itself a topic 
of interest (see §5). In [SS73] Schacher and Small extended Amitsur's result to 
include the case where the characteristic is positive and does not divide the degree. 
In [Sal78a], Saltman included the p-algebra case, when n is divisible by p 3 . Subse- 
quent constructions of noncrossed products — none improving on the indexes found 
by Amitsur— have since appeared in [Ris77], [Sal78b], [Row81], [Tig86], [JW86], 
[Bru95], [RY01, Th. 1.3], [BMT09], and others. The most explicit construction to 
date is in [Han05]. 

Responding to the sensitivity of Amitsur's degree p 2 examples to the ground 
field's characteristic and roots of unity, Saltman and Rowen observed that every 
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division algebra of degree p 2 becomes a crossed product on some prime-to-p exten- 
sion (the degree p case being trivial), whereas for degree p 3 and above, examples 
exist that are stable under such extensions ([RS92]); see [McK07, Cor. 2.2.2] for 
the p-algebra case. 

1. Non-cyclic algebras in prime degree 

Perhaps the most important open problem in the theory of central simple alge- 
bras is: 

Problem 1.1. Given a prime p, construct a non-cyclic division algebra of degree 
p over some field F. 

This was listed as Problem 7 in Amitsur's survey [Ami82], and Problem 1 in 
[Sal92]. Of course, division algebras of non-prime degree need not be cyclic. This 
is true already in the smallest possible case of degree 4 ([Alb33]). 

What is known. Prime-degree division algebras for the two smallest primes are 
always cyclic: The p = 2 case is elementary, and the p = 3 case was solved by 
Wedderburn in 1921 ([Wed21]). A result that should be included with these two is 
that any division algebra of degree n = 4 is a crossed product ([Alb61]). In 1938, 
Brauer proved that any division algebra of degree p = 5 has a (solvable) Galois 
splitting field of degree dividing 60 ([Bra38]); this result was improved somewhat in 
[RS96]. Despite the promising start, this vexing problem remains completely open 
for p > 3. Specific candidates for prime degree non-crossed products have been 
proposed in [Row99, §4] and [Vis04, p. 487]. 

It is natural to specialize the problem to fields with known properties. For some 
fields F, one knows that every division algebra of degree p is cyclic: when F has no 
separable extensions of degree p (trivial case) , when F is a local field or a global field 
(by Albert-Brauer-Hasse-Noether), and when F is the function field of a ^-adic 
curve for I prime and different from p [Sal07]. 

Generalization. In 1934, Albert proved that an F-division algebra A of prime 
degree p is a crossed product if and only if A contains a non-central element x such 
that x p is in F, called a p-central element ("Albert's cyclicity criterion", [Alb61, 
XI, Th. 4.4]). It is natural to ask whether such elements exist in algebras of degree 
greater than p. When p = 2, the degree is 4, and the characteristic is not 2, Albert's 
crossed product result shows that they do exist. On the other hand, it is shown in 
[AS78] that there exist algebras of degree p 2 and characteristic p with no p-central 
elements. Using this, it is shown in [Sal80] that for n a multiple of p 2 , the universal 
division algebra of degree n over the rational field Q has no p-central elements. 
When F has a primitive p-th root of unity, there are no known examples of division 
.F-algebras of degree a multiple of p that do not have p-central elements. 

2. Other problems regarding crossed products 

The central organizing problem in the theory of central simple algebras and the 
Brauer group is to determine, possibly for a given field F, the extent to which 
.P-central simple algebras are crossed products, and in particular, cyclic crossed 
products. There are still some important unresolved problems in addition to Prob- 
lem 1.1. 
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Problem 2.1. Determine whether F-division algebras of prime period are crossed 
products. 

Both Problems 1.1 and 2.1 are related to the problem of computing the essential 
dimension of algebraic groups described in §6. 

What is known. This problem is even more open than Problem 1.1. in the sense 
that no noncrossed products of prime period have ever been discovered, and no 
one has shown that all division algebras of a fixed prime period must be crossed 
products. For odd primes p the problem is completely open. (The proof of Theorem 
6 in [Row82] concerning the existence of noncrossed products of prime period is 
incorrect. In the modified version that appeared later as [Row88, Th. 7.3.31], the 
flaw appears in the last paragraphs of page 255.) 

Division algebras of (period, index) = (2, 2") are known to be crossed products 
for n ^ 3, and the problem for n > 3 is open. Albert proved the (2, 4) case ("Albert's 
Theorem") in [Alb32, Th. 6] — see alternatively [Jac96, 5.6.9] — and in a second proof 
[Alb33], he showed that such algebras need not be cyclic. Rowen proved the (2, 8) 
case for any field in [Row78] and [Row84], see also [Jac96, 5.6.10]. Rowen [Row81] 
and later Tignol [Tig86] proved that Saltman's universal division algebra of type 
(4, 8) is a noncrossed product. 

Regarding specific fields, Brussel and Tengan recently proved that division alge- 
bras of type (p,p 2 ) for p # £ over the function field of an £-adic curve are crossed 
products in [BT10] (cf. Saltman's results on these fields, mentioned in the previous 
section). 

As mentioned above, the smallest non-crossed product p-algebras known have 
degree p 3 . Therefore even the following is open: 

Problem 2.2. Determine whether p-algebras of degree p 2 are crossed products. 

In view of the fact that all known examples of non-crossed product algebras 
occur over fields of cohomological dimension at least 3, it is natural to ask: 

Problem 2.3. If F has cohomological dimension at most 2, is every central simple 
F-algebra a crossed product? 

The answer to this question is unknown, even when F is the function field of a 
complex surface. 

Smallest Galois splitting fields. One way to study the failure of a division 
algebra to be a crossed product is to determine, for a given division algebra A, the 
smallest Brauer-equivalent crossed product(s) B = M r (A). As noted already, it is 
equivalent to determine the finite Galois splitting fields for A. As Brauer-Hasse- 
Noether knew in the 1920's, "minimal" Galois splitting fields can have arbitrarily 
large degree (Roquette cites [BN27] and [Has27] in [Roq04, Chap. 7.1]), so it is 
important to specify that the degree (rather than the splitting field) be minimal. 

To simplify the exposition, we say a finite group G splits a central simple F- 
algebra A if there exists a G-Galois field extension of F that splits A (equivalently, 
if some M m (A) is a G-crossed product). Since a splitting field of A may or may 
not contain a maximal subfield of A, the problem with respect to division algebras 
divides into parts. 

Problem 2.4. Determine the smallest splitting group(s) of an F-division algebra A 
arising from the Galois closure of a maximal subfield of A. Determine in particular 
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whether every A of degree n has a separable maximal subfield whose Galois closure 
has group the alternating group A n . 

Problem 2.5. Determine whether every division algebra is split by an abelian 
group, and find degree bounds over specific fields. 

What is known. Both problems are related to Problem 5 in [Ami82], and Prob- 
lem 2.5 is Question 1 in [Ami82]. In the situation where A is a crossed product, 
Problem 2.4 becomes a problem of group admissibility. It then has a strong number 
and group-theoretic character, and we put it in Problem 11.1 below. 

If A has degree n, then A contains a maximal separable subfield (of degree n) 
that is contained in an 5„-Galois maximal torus, which bounds the answer to the 
first part of Problem 2.4 from above. It is clear that these are in general not hard 
bounds, since if n = 3 then C3 splits A by Wedderburn's results. It is unknown 
whether there exists a (noncrossed product) division algebra of degree n > 4 that 
is split by no proper subgroup of S n , prompting Amitsur to ask Problem 2.4. 

With the additional structure provided by an involution of the first kind, some 
positive results for Problem 2.4 can be proved in the period 2 case, for charF # 2. 
In particular, if A has period 2 and 2-power degree 2m, one can prove the existence 
of a subfield of degree m in a maximal separable subfield of A, and it follows that 
the Galois closure has group H = C™ x S m . Using the main result of Parimala- 
Sridharan-Suresh in [PSS93], one can improve this to H = C™~ 1 x S m ; we leave 
the details to the interested reader. Note that H is not contained in A2 m , but H 
is. 

Amitsur proved that if the universal division algebra (defined in §5 below) 
UD(k, n) over an infinite field k is split by a group G, then every division alge- 
bra over a field F containing k is split by (a subgroup of) G (unpublished, see 
[Ami82, p.15] and [TA85, 7.1]). Thus Problem 2.5 is intimately connected to the 
problem of splitting the universal division algebra, which is Problem 8 in [Ami82]. 
In [Ami82] Amitsur remarked that if n is the composite of r relatively prime num- 
bers m, then 5 ni x • • • x S Ur splits UD(k,n). Then in [TA85, Th. 7.3] Tignol and 
Amitsur established a remarkable lower bound on the order of a splitting group of 
UD(k,n), for infinite k, and n not divisible by charfc. See [TA86, Cor. 9.4] and 
[RY01, Th. 1.3] for improvements and alternative proofs of this bound in the case 
where n is a prime power. 

If char F does not divide the period n of an F-division algebra A, the Merkurjev- 
Suslin theorem shows that A has a meta-abelian splitting field, obtained by adjoin- 
ing n-th roots of unity, if necessary, and then a Kummer extension. This theorem 
solved Amitsur's Question 3 in [Ami82], and it solves the first part of Problem 2.5 
if F contains the n-th roots of unity. Results bounding the "symbol length" over 
a particular field provide upper bounds for the degree of abelian (or meta-abelian) 
Galois splitting fields, and for this we refer to Problem 3.5. Tignol and Amitsur 
submitted a lower bound for the order of an abelian splitting group in [TA85, 7.5]. 

When F does not contain n-th roots of unity, Problem 2.5 has a similar re- 
lationship to the more general open problem of determining whether the Brauer 
group is generated by cyclic classes, and for this we refer to §3. This latter problem 
was Question 2 in [Ami82]. The problem is settled for the 2-, 3-, and 5-torsion 
subgroups of Br(-F). 
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p-algebras. Somewhat more is known about Problem 2.5 for p-algebras: If char F = 
p and A is an _F-division algebra of p-power degree, then Albert showed that A has 
a cyclic splitting field in [Alb36], see also [Alb61, Ch. VII, Th. 9.31]. Louis Isaac 
Gordon proved the existence of noncyclic 2-algebras (of period and index 4) in 
[Gor40] and Amitsur and Saltman proved the existence of (generic) non-cyclic divi- 
sion p-algebras of every degree p n (n ^ 2) in [AS78]. These results raised questions 
about bounds of cyclic splitting fields. 

Albert's methods impose such bounds on p-algebras A with fixed (p-power) pe- 
riod q, provided F is finitely generated of transcendence degree r over a perfect field 
k. For then F 1 ^ splits A by [Alb61, VII.7, Theorem 2], and since [F 1 ^ : F] = q r 
([Bou88a, A.V.100, Proposition 4] and [Bou88a, A.V.135, Corollary 3]), A is similar 
to a tensor product of r cyclic p-algebras of degree q by [Alb61, VII. 9, Theorem 
28], hence A is split by a cyclic extension of degree q r , by [Alb61, VII. 9, Lemma 
13]. The center Z(k, n) of generic degree-n matrices over a field k is known to be 
finitely generated (]Sal99, Cor. 14.9]); if k is a finite field of characteristic p, and 
Z(k,n) has transcendence degree m over k, then it follows that the universal divi- 
sion algebra UD(k,p n ) is split by a cyclic field extension of degree p mn , and hence 
for any field F containing k, any _F-division algebra A of degree p n is split by a 
cyclic etale extension of degree p mn over F, by [Ami82, p. 15]. 

Because of this connection between the degree of a cyclic splitting field of a 
p-algebra and the transcendence degree of the center of generic matrices over the 
prime field, Problem 2.5 for p-algebras is closely tied to §6 on essential dimension. 
As for known bounds, we have m ^ p 2n + 1 from general principles, and if p is odd 
and p n 3s 5, then m < (l/2)(p n - l)(p n - 2) by [LRRS03]. (Note the p n = 2, 3 cases 
are settled by Wedderburn's cyclicity results.) 

Descending from prime-to-p extensions. Since every division algebra has a 
maximal separable subfield, every division algebra of prime degree p is a crossed 
product after scalar extension to a prime-to-p field extension. This has led to some 
attempts at "descent": If A is an F-division algebra of prime degree p, and K/F is 
a Galois splitting field for A whose group G is a semidirect product G = C p x H 
with C p normal in G and H of order m prime-to-p, then A®p K * is a G p -crossed 
product division algebra, and we can ask whether the Galois structure descends to 
A. This idea goes back to Albert ([Alb38]). In the particularly interesting case 
where H = C m and K Cp = F(( p ) for a primitive p-th root of unity £ p , we call A a 
quasi- symbol, after [Vis04] . Note in this case char F # p. 

The problem below is strongly related to Problems 3, 4, and 5 in [Sal92]. As 
Saltman noted in [Sal92], showing such crossed products are cyclic is equivalent to 
showing that the G-crossed product M m (A) is also a G'-crossed product, where G' 
is a group that has C p as an image. As in [TA85], write G => G' if every G-crossed 
product is necessarily a G'-crossed product, and G =>f G' if G => G' for G-crossed 
products whose centers contain F . 

Problem 2.6. Determine groups G and G' and conditions on F under which 
G =>f G'. In particular: 

(1) Determine, for m prime-to-p, whether C p x C m =^>f G p x C m . 

(2) Determine whether all quasi-symbols are cyclic. 

What is known. Background on the first part of Problem 2.6, as well as a basic 
symmetry result for abelian groups, may be found in [TA85]. We will say that a 
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finite group G splits an F-algebra A if A is split by a G-Galois extension of F. Note 
that in 2.6(1), C p x C m =>p C p x C m if and only if all F-algebras A of prime degree 
p that are split by C p x C' m are cyclic. 

In 1938 Albert showed that if charF = p, and A is a p-algebra of degree p 
split by a Galois extension whose group is of the form C p x C m for m prime-to-p, 
then A is cyclic ([Alb38]), hence C p x C m =^>p C p x C m in this case. He actually 
proved more generally that for p dividing n and arbitrary m, any C n x C m -crossed 
product is abelian, again for charF = p (see [AJ09] for a different proof). In 1999 
Rowen proved that if A is a p-algebra of odd degree p that becomes equivalent to 
a certain type ("Type A") of p-symbol over a quadratic extension F/F, then A is 
already cyclic over F ([Row99, Th. 3.4]). This generalized Wedderburn's degree 
3 theorem (in characteristic 3) and proved the cyclicity of a certain p-algebra of 
degree p studied by Albert. Rowen constructed a generic p-algebra of degree p that 
becomes a symbol over a quadratic extension, and conjectured it to be noncyclic 
forp>3 ([Row99, §4]). 

In 1982, Rowen and Saltman showed that if n is odd, F contains a primitive 
n-th root of unity, (so charF does not divide n), and A is a division algebra of 
degree n that is split by the dihedral group D n = C n x C2 of order 2n, then A is 
cyclic ([RS82]). Thus D„ =^>p C n x C2 in this case. Their techniques generalized 
those used by Albert to prove cyclicity in degree three, in [Alb61]. Mammone and 
Tignol proved the same result using different methods in [MT87], and Haile gave 
another proof in [Hai94]. In 1996, Haile, Knus, Rost, and Tignol proved that when 
charF # 2, n is odd, and /i n = Z/n(t) for some t e F x , then any F-division 
algebra of degree n split by D n is cyclic ([HKRT96, Cor. 30]). Vishne proved this 
more generally for n odd and [F(/x n ) : F] ^ 2, while removing the restrictions on 
charF (]Vis04, Th. 13.6]). In the n = 5 case, Matzri showed how to adapt Rowen 
and Saltman's proof to remove the roots of unity and characteristic hypotheses 
([Mat08]), before using results of [VMM] to prove that sBr(F) is generated by 
cyclic classes when charF ^ 5. 

In 1983 Merkurjev, in a paper that heavily influenced [Vis04] and [Mat08], proved 
a criterion for quasi-symbols of prime degree to be cyclic. To state this result, we 
fix some notation and hypotheses. Let p be a prime, n = p r , a primitive n- 
th root of unity, F = F(( p ), v : Gal(F/F) — > (Z/p) x the canonical map, and 
ip : Gal(F/F) — > (Z/p) x a character. Then consider the hypothesis 

(2.7) C„ e F and K/F is a C n x^ C m -Galois extension, with F = K Cn . 

In this notation, a quasi-symbol of degree p split by K is said to be of type (ip, tp'), 
where p' = vp~ x . Merkurjev's criterion is that a quasi-symbol of degree n = p is 
cyclic if and only if it is of type (^,1) or (l,v) ([Mer83]). Vishne, expanding on 
Merkurjev's framework, proved that Merkurjev's cyclicity criterion holds for quasi- 
symbols of degrees n = p r under (2.7), and constructed a generic quasi-symbol, 
which he conjectured to be noncyclic. He also proved that the type of a quasi- 
symbol (of degree n = p r ) is symmetric in ip and cp', so that a quasi-symbol split 
by C n x v C m is also split by C n x v > C m . 

In 1996 Rowen and Saltman proved that if F contains a p-th root of unity, and 
A is a division algebra of degree p that is split by the semidirect product C p x C m 
for m = 2, 3, 4, or 6 and dividing p — 1, then A is cyclic. Thus C p x C m =>f Cp x C m 
in this case. Vishne extended this result for quasi-symbols of degree n = p r under 
(2.7), for any m dividing p - 1 ([Vis04]). 
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If to divides n and F contains the TO-th roots of unity, then it is elementary to 
show C n =>f Cn/m x C m (see [Vis03] for proof). This is best possible, since there 
are division algebras D/F where the absolute Galois group of F is rank 2 abelian. 
As for p-algebras, Saltman proved in [Sal77] that if char F = p and n is a power 
of p, then C n =>p G for any group G of order n. Finally, Vishne proved in [Vis03] 
that if chari* 1 does not divide n and F contains the n/m-th roots of unity, then 
D n =>^ D m x C n j m holds for classes of period 2 ([Vis03]). 

We say a group G is rigid (resp. rigid over F) if there exists a central simple 
algebra (resp. over F) that is a crossed product with respect to G and G only. 
A central simple algebra can be a crossed product with respect to many different 
groups; Schacher showed in [Sch68] that for any number n there exists a number field 
F and a central simple F-algebra A that is a crossed product with respect to every 
group of order n (see Problem 11.1). At the other extreme, it is obvious that cyclic 
groups of prime order are rigid. Amitsur ([Ami72]) proved that elementary abelian 
groups are rigid, and used this fact in his proof that the generic division algebra is 
not a crossed product. Saltman and Amitsur-Tignol proved every noncyclic abelian 
group is rigid in [Sal78a] and [TA85]. For a time there were no known nonabelian 
rigid groups, and their existence is Problem 4 in [Sal92]. However in 1995 Brussel 
gave examples of rigid nonabelian groups over the fields Q(t), proving that for every 
prime p the group 

G = C p 2 x C p = {x,y | |a?| = p 2 , \y\ = p, yxy' 1 = x p+1 } 

is rigid ([Bru95]), and later that when p is odd, another semidirect product G = 
C p 3 x C p is rigid ([Bru96]). All of Brussel's examples depend on the absence of 
roots of unity in the ground field, and it is unknown whether the same results hold 
without this assumption. A rigid group of type C p x C m with m prime-to-p would 
settle Problem 1.1. 

Footnote. In the end, the goal of the problems described in this section is to 
determine the nature of Galois splitting fields of smallest degree for cohomology 
classes of various kinds. But from an algebra-theoretic point of view, the importance 
of the crossed product problem is due at least partly to a long history of attempted 
solutions, together with a sentiment expressed by A. A. Albert, who spent much of 
his career studying it. 

The importance of crossed products is due not merely to the fact 
that up to the present they are the only [central] simple algebras 
which have actually been constructed but also to Theorem 1: Every 
[central] simple algebra is similar to a crossed product. — Albert, 
1939 [Alb61, §V.3] 

3. Generation by cyclic algebras 

By far the most elementary central simple algebras known are the cyclic algebras, 
which were the first to be studied, and which to this day have provided an indispens- 
able tool for investigating central simple algebras and the Brauer group. Certainly 
the simplest expression of a Brauer class that one could hope for would be as a 
sum of classes of cyclic algebras, and in fact most (if not all) known descriptions 
of the Brauer group are direct sum decompositions into subgroups consisting of 
cyclic classes (or cyclic factors). For example, by Auslander-Brumer and Fadeev's 
theorem (see [GMS03, Theorem 9.2]), the Brauer group of a rational function field 
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in one variable is a direct sum of (corestrictions of) cyclic factors. Also, many 
valuation-theoretic results on noncrossed products and indecomposable algebras 
rely on Witt's theorem (see [GMS03, 7.9]), which presents the Brauer group of a 
complete discretely valued field of rank one as a direct sum of two cyclic factors. 
For these reasons, one of the most important practical problems in the study of 
the Brauer group is to determine whether or not the Brauer group is generated 
by the classes of cyclic algebras. This appears as Question 2 in [Ami82]. Au- 
thors who studied this problem in the 1930's in one form or another include Albert 
([Alb36]), Teichmuller ([Tei36]), Nakayama ([Nak38]), and Witt ([Wit37]). For lo- 
cal and global fields, the question has an affirmative answer by the well-known 
theorems of Hasse and Albert-Brauer-Hasse-Noether, respectively. There are no 
known counterexamples. 

After Amitsur's work on noncrossed products, an affirmative answer for general 
F might well have seemed unlikely. But in a seminal breakthrough, Merkurjev 
and Suslin proved in 1983 that if F contains the n-th roots of unity, then n Br(F) 
is generated by the classes of (cyclic) symbol algebras of degree n, via the norm 
residue homomorphism in .K'-theory ([MS83]). The essence of their result was that 
when F contains the n-th roots of unity, the composition 

H 1 ^, u„) ® H 1 ^,/^) -> H 2 (F, uf 2 ) -> H 2 (F, u„) = n Br(i^) 
is surjective, where the first map is the cup product, and the second map is cup 
product with a chosen generator of H°(F, fi®^ 1 ') = Hom(/i n , Z/n). Thus , i Br(_F) 
is "generated in degree one". This work strongly suggests the following natural 
question, which was posed in the 1930's by Albert: 

Problem 3.1. [Alb36, p. 126] Is the n-torsion subgroup „Br(F) generated by the 
classes of cyclic algebras of degree (dividing) n? 

Problem 3.1 has an affirmative answer in the following important cases: 

(1) n is a power of the characteristic of F. This follows from [Alb61, VII. 7, 
Theorem 2] and [Alb61, VII.9, Theorem 28]. 

(2) n divides 30. By the divisibility remark above, it suffices to note that the 
answer is "yes" for n = 2 [Mer81], n = 3 by [Mer83], and n = 5 by [Mat08]. 

(3) n is prime and adjoining a primitive n-th root unity yields an extension of 
degree ^ 3 by [Mer83] . This leads to the results summarized in the previous 
item. 

(4) F contains a primitive n-th root of unity. This was pointed out above. 
The Merkurjev-Suslin theorem, which establishes an isomorphism between 
K^(F)/nK^{F) and H 2 (F,/x® 2 ), is now a special case of the recently- 
proved Bloch-Kato Conjecture. 

The smallest open case for n prime is therefore: 

Problem 3.2. Is yBr(F) generated by cyclic algebras of degree 7 when charF # 7 
and F does not contain a primitive 7-th root of unity? 

(These problems are related to the following very special question stated by 
M. Mahdavi-Hezavehi: // the multiplicative group F x is divisible, does it follow 
that Br(F) is zero? The answer is "yes" if Br(F) is generated by cyclic algebras, 
because cyclic algebras are split over such a field. Therefore the answer is also "yes" 
if F has characteristic zero, because in that case F has all the roots of unity so the 
Merkurjev-Suslin theorem applies.) 
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For composite n, even the following is unclear: 

Problem 3.3. Is 4Br(F) generated by cyclic algebras of degree 4 when charF # 2 
and V 3 ! $ Ft 

And one can ask the weaker question: 

Problem 3.4. Is „Br(F) generated by algebras of degree nt 

When n is prime, the answer to Problem 3.4 is "yes" by [Mer83]. More generally, 
Merkurjev proved in [Mer86] that if n is a power of an odd prime p not equal 
to ch&rF, or if n is a power of 2 =: p and V— T 6 F, then „Br(F) is generated 
by quasi-symbols (see §2.6) whose index is bounded by n n l p . This result reduces 
Problem 3.1 to the determination of whether classes of quasi-symbols are generated 
by cyclic classes. Problem 3.4 is already open in the case n = 4. 

Symbol length. Once it is known that nBr(F) is generated by classes of cyclic 
algebras, the focus turns to the the minimal number of cyclic algebras (of fixed 
degree) needed to represent it in the Brauer group. 

Suppose to and n have the same prime factors, to | n, and m Br(i ;l ) is generated 
by cyclic algebras. Let Ipim, n) denote the minimal number such that every central 
simple f-algebra of degree n and period (dividing) to is similar to a tensor product 
of £f(to, n) cyclic algebras of degree to, unless no such bound exists, in which case 
set £f(tti, n) = oo. Iff contains the m-th roots of unity, the generic division algebra 
can be used to show that ^(m, n) is finite, by the Merkurjev-Suslin theorem. In 
this case, we may assume to is a power of a prime p by [Tig84, Th. 2.2], and £f(to, n) 
is known as the symbol length. 

Problem 3.5. Suppose p is a prime, r ^ s, and p r~Qv(F) is generated by cyclic 
algebras. Compute £p(p r ,p s ). 

Basic background on this problem can be found in [Tig84]. Almost all of the 
known results for £p(m, n) are either for p-algebras, or fields F containing the TO-th 
roots of unity. Of course, £p(p,p) = 1 for p = 2, 3 by the classical theory, for any 
field F. Albert's theorem shows that £p(2, 4) = 2, and £p(2, 8) = 4 when char F # 2 
by [Tig84, Th. 2.6]. For proofs of these and other results that follow more or less 
immediately from earlier work, see [Tig84]. In 1937, Teichmiiller proved that for 
p-algebras, £ F (p r ,p s ) < p s l (p s l - 1) ([Tei37]). 

Lower bounds can be obtained via results on indecomposable algebras, which 
we treat in §9. In [Tig84, Th. 2.3], Tignol proved that if p is a prime and F is a 
field containing the p r -th roots of unity, then £p(p r ,p s ) ^ s, by showing that the 
generic division algebra itself cannot be represented as a sum of fewer than s classes 
of cyclic algebras of degree p r . Tignol's lower bounds were improved by Jacob in 
[Jac91] in the prime period case, via the construction of indecomposable algebras 
of period p and index p n for all n ^ 1, except, of course, for p = 2 and n = 2. His 
bounds, valid for F containing a primitive p-th root of unity, are £f(p,P s ) ^ 2s — 1 
for p odd, and £p(2, 2 s ) ^ 2s - 2 (]Jac91, Remark 3.7]). 

For upper bounds, we have then £f(p, p) ^ (p— 1)! for any odd prime p, provided 
F contains the p-th roots of unity, by [Row88, Th. 7.2.43]. Kahn established some 
upper bounds for £f(2, 2 s ) in [KahOO, Th. 1] for fields of characteristic not 2, and 
conjectured the bound £f(2,2 s ) ^ 2 S_1 , which holds in the known cases listed 
above. Finally, Becher and Hoffmann proved that if F contains a p-th root of 
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unity and satisfies the (admittedly strong) hypothesis [F* : F xp ] = p m , then 
£f(p,P s ) = m/2 for p odd or p = 2 and F non-real. If p = 2 and F is real, the 
result is (to + l)/2 ([BH04]). 

In a related result, Mammone and Merkurjev showed that if A is a p-algebra 
of period p r and degree p s , and A becomes cyclic over a finite separable field 
extension, then A can be represented by at most p s ~ r classes of cyclic algebras 
([MM91, Prop. 5]). 

In [Sal97a], Saltman proved that if F is the function field of an Z-adic curve, then 
the degree of any F-division algebra divides the square of its period, and it follows 
by Albert's theorem that if I ^ 2, then £f(2, 4) = 2. If / j= p and F contains the p-th 
roots of unity, then Suresh proved that £f(p,P 2 ) = 2 for odd p in [SurlO]. Brussel 
and Tengan removed the roots of unity requirement in [BT10], using a different 
method. The bounds in the p = 2 case were crucial to the determination of the 
u-invariant of function fields of ^-adic curves by Parimala-Suresh [PSar], see also 
[PS98] and [PS05]. 

The first open case of Problem 3.5 (with or without roots of unity) is: 

Problem 3.6. Find an upper bound on £p(p,p 2 ) and £f(p 2 ,p 2 ) for p ^ 3. 

4. Period-index problem 

By the basic theory, the period of a central simple algebra divides its index (i.e., 
per(^4) | ind(A) for all A), and the two numbers have the same prime factors. For 
a field F, define the Brauer dimension Br.dim(_F) to be the smallest number n 
such that ind(A) divides per(A)™ for every central simple F-algebra A; if no such 
n exists, set Br.dim(.F) = oo. 

Example 4.1. If BrF = 0, then trivially Br.dim(F) = 0. For F a local field 
or a global field Br.dim(F) = 1 by Albert-Brauer-Hasse-Noether. For F a field 
finitely generated and of transcendence degree 2 over an algebraically closed field, 
Br.dim(F) = 1 by [dJ04] and [Lie08, Th. 4.2.2.3]. In case Br.dim(F) = 1, one says 
that "F has period = index". 

One can focus this notion on a particular prime p. Define Br.dinip^) to be the 
smallest number n such that ind(A) divides pei(A) n for every central simple F- 
algebra A whose index is a power of p. If no such n exists, we put Br.dim p (_F) = oo. 

Examples 4.2. (1) M. Artin conjectured in [Art82] that Br.dim(F) = 1 for 
every C% field F. He proved that Br.dim2(F) = Br.dini3(F) = 1 for such 
fields, but no more is known. 

(2) For F finitely generated and of transcendence degree 1 over an ^-adic field 
Br.dinip^) = 2 for every prime p j= I by [Sal97a]. Is Br.dirm? (F) finite? 

(3) If F is a complete discretely valued field with residue field k such that 
Br.dim p (fc) ^ d for all primes p j= char(fc), then Br.dim p (F) ^ d + 1 for all 
p ^ char(fc) by [HHK09, Th. 5.5]. 

Example 4.3. If F has characteristic p and transcendence degree r over a perfect 
field k, then Br.dim p (i ;l ) ^ r by the argument in the discussion on page 7 for 
p- algebras. 

Problem 4.4. If F is finitely generated over a field Fq with Br.dim(Fo) finite, is 
Br.dim(F) necessarily finite? 
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It is natural to start by considering only certain fields Fq. For example, sup- 
pose that F has prime characteristic p and we take Fq to be its prime field, so 
Br.dim(Fo) = 0. If F has transcendence degree 1 over Fq, then F is global and 
Br.dim(F) = 1. If F has transcendence degree 2 over Fq, then Br.dim(F) ^ 3 by 
[Lie08]. 

Problem 4.5. Define a notion of "dimension" for some class of fields F such that 

Br.dim(F) < dimF - 1 and dim(F(t)) = dimF + 1. 

One possibility would be to set a Cj field to have dimension i. The notion of coho- 
mological dimension is obviously not the right one in view of Merkurjev's example 
of a field F with cohomological dimension 2 and Br.dim(F) = oo from [Mer92]. 

5. Center of generic matrices 

Amitsur's universal division algebra has already appeared several times in these 
notes. In this section, we discuss some interesting questions regarding its center. 

We begin with the definition. Let F be a field, let V = M n (F) © M n (F), and 
let F(V) be the field of rational functions on V. For k = 1,2, let Xijk be the 
coordinate function defined by the standard elementary matrix Eij © or © Eij , 
depending on k, and set Xk = {%ijk) e M n (F(V)). We call the F-algebra R(F,n) 
generated by X\ and Xi the ring of (two) generic n-by-n matrices over F ([Sal99, 
Ch. 14]). It is a noncommutative domain that can be specialized to give any central 
simple L-algebra of degree n, for every extension L of F [Sal99, 14.1]. The field 
of fractions of its center C{F,n) a R(F,n) is denoted by Z(F,n), and called the 
center of generic n-by-n matrices over F. The (central) localization of R(F,n) by 
the nonzero elements of C(F,n) is denoted by UD(F,n), and called the generic 
division algebra of degree n over F. In the language of [GMS03, p. 11], the class of 
UD(F,n) in H 1 (Z(F,n),PGL„) is a versal torsor. 

There is another way to view the above construction, due to Procesi. Let 
PGL n (F) = GL n (F)/F x be the projective linear group. This group has a rep- 
resentation on V via the action A ■ (Bi,i?2) = (ABiA^ 1 , AB2A~ 1 ). It follows 
that PGL„(F) acts on F(V), and one can show the invariant field F(y) PGL ™(^) 
is Z(F,n). Furthermore, PGL„(F) acts naturally on M n (F(V)) = M„(F) ® F 
F(V) via the action on each tensor factor, and one can show the invariant ring 
M n (F(V r )) PGL "< F l is UD(F,n) (see [Sal99, Thm 14.16] for proofs of both results). 
This invariant field point of view puts the problems of this section in the bigger con- 
text of birational invariant fields of reductive groups and particularly the birational 
invariant fields of almost free representations of reductive groups. 

One can begin with the above construction and modify it to make other generic 
constructions. For example, put D := UD(F,n) and Z := Z[F,n) and assume 
m divides n. Let Z m (F,n) be the generic splitting field of the division algebra 
equivalent to D® m over Z, and set UD m (F,n) = D® z Z m (F,n). Then UD m (F,n) 
is a generic division algebra of degree n and period m with center Z m (F, n). In the 
language of [GMS03], the class of UD m (F, n) in H 1 (Z m (F, n), GL„ //i m ) is a versal 
torsor. Another example uses Procesi's result that Z(F, n) = F(M) Sn where S n is 
the symmetric group and M is a specific S n lattice (see [Sal99, Thm 14.17]). The 
group S n appears because it is the Galois group of the Galois closure of a "generic" 
maximal subfield of UD(F, n). It follows that if H a S n is a subgroup and we set 
Zh{F,h) = F(M) H , then UD H (F,n) = D ® z Z H (F,n) is a generic central simple 
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algebra having H as the Galois group of the Galois closure of a maximal subfield. 
In particular, if H has order n and acts transitively on {1, ...,n} (we say H is a 
transitive subgroup of S n ) we have formed the generic i7-crossed product algebra 
and its center. One can combine these constructions and form generic crossed 
products of period m, but we will have nothing to say about these. 

The general problem addressed here concerns the properties of the fields Z(F, n) 
and their subsidiary fields Z rn (F,n) and Zh(F,ti). To state the questions, define 
L/F to be rational if L is purely transcendental over F . Define L/F to be stably 
rational if there is a rational L'/L such that L'/F is rational. More generally, say 
that Li/F and L2/F are stably isomorphic if there are rational L'JLi such that 
L[ = L' 2 over F. Finally, define L/F to be retract rational if the following holds. 
There is a localized polynomial ring R = F[x\, . . . , x r ](l/s) and an F subalgebra 
S cz R with an F algebra retraction R — » S (meaning S — > R — > 5 is the identity) 
such that £ is the field of fractions of S. It is pretty clear that rational implies 
stably rational implies retract rational, and in fact (much harder) these implications 
cannot be reversed. 

To simplify the discussion note the result of Katsylo [Kat90] and Schofield [Sch92] 
that if n = ab for a and b relatively prime, then Z(F, n) is stably isomorphic to the 
field compositum Z(F, a) Z(F, b). Similar statements are possible for the Z m (F, n) 
and Zh(F, n). This often (but not always) allows reduction to the case where n is 
a prime power. 

Problem 5.1. [Pro67, p. 240] Is Z(F,n)/F rational, stably rational, or retract 
rational? The same question for Z m (F,ri) and Zu{F,n). 

This appears as Problem 8 in [Sal92] (see also Saltman's Problems 9, 10, and 11), 
and is a major topic of the surveys [Le 91] and [For02]. We note that Z(F,n)/F 
is retract rational if and only if division algebras of degree n have the so-called 
lifting property, see [Sal99, p. 77]. Similar statements can be made for Z m (F,n) 
and Zh(F, n). 

When n is 2, 3, or 4 then Z(F, n) is rational, as proved (respectively) by Sylvester, 
Procesi and Formanek. When n is 5 or 7 Bessenrodt and Lebruyn showed in [BL91] 
that Z(F,n) is stably rational, and a second, more elementary proof of this was 
given by Beneish [Ben98]. 

There are a few results for the Z m (F,n). The field Zi(F, 4) is stably rational 
by Saltman [Sal02], and Saltman-Tignol [ST02] showed that Z 2 (F,8) is retract 
rational. Beneish [Ben05] showed that Z2(F,8) is stably rational. Finally, we leave 
to the well-read reader to prove that when H cz S n is cyclic and transitive and F 
contains a primitive n-th root of unity, then Zh (F, n) is rational (and results are 
available for general F , n not of the form 8m, and retract rationality). Thus the 
first interesting specific question along these lines is: 

Problem 5.2. Determine if Zh(F, 9) is rational, stably rational, or retract rational, 
where H = C3 x C3 a Sg is transitive. 

6. Essential dimension 

Essential dimension counts the number of parameters needed to define an alge- 
braic structure. This notion was introduced in the late 1990s by Buhler-Reichstein 
[BR97] and placed in a general functorial context by Merkurjev [BF03]. Given a 
field F, a functor & : Fields^ — > Sets from the category of field extensions of F 
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(together with F-embeddings) to the category of sets, a field extension F — » K, 
and an element a e ,^(K\ a field of definition of a is a field extension F — > L and 
an F-embedding L — » if such that a is in the image of the map &(L) — > &(K). 
The essential dimension of a (over i* 1 ), denoted by edp-(a), is the infimum of the 
transcendence degrees trdeg F (L) over all fields of definition L of a. Finally, the 
essential dimension of & is the number 



where the supremum is taken over all field extensions F — > K and all elements 
a e &(K). We will suppress the dependence on the base field F when no confusion 
may arise. 

The essential p-dimension of denoted by edF.p(^) or simply ed p (J^"), is de- 
fined similarly. One replaces edF(a) with edjr p (a), which is the infimum of edj?(ojf') 
as K' varies over all finite embeddings K—>K' of prime-to-p degree. Obviously, 
edF,p(a) ^ edF(a) for all a, hence ed,F iP (J^") ^ edF(^")- 

Definition 6.1. The essential dimension ed(G) = edF(G) of an algebraic group G 
over F is the essential dimension of the functor H 1 (— ,G). Similarly, the essential 
p-dimension ed p (G) = ed^ iP (G) of G is the essential p-dimension of the functor 



The essential dimension of a algebraic group G equals the essential dimension 
of any versal G-torsor, see [BF03, §6]. For a broad survey of essential dimension 
results, see Reichstein's sectional address [ReilO] to the 2010 ICM in Hyderabad, 
India. 

The functor H (-, PGL„) is identified via Galois descent with the functor assign- 
ing to a field extension F — » K the isomorphism classes of central simple if -algebras 
of degree n. As we shall discuss below, computation of the essential dimension of 
PGL„ is relevant to the theory of central simple algebras, in the sense that knowing 
the "number of parameters" needed to define central simple algebras of degree n 
can lead to conclusions about their structural properties (e.g. concerning decom- 
posability and crossed product structure). 

Problem 6.2. Compute the essential dimension and the essential p-dimension of 
PGL„. In particular: 

(1) Compute cdF(PGL4) when chari* 1 = 2. 

(2) Compute cdf(PGL 5 ). 

What is known. The generic division algebra UD(F, n) of degree n corresponds to 
a versal PGL„-torsor, see §5. It is immediate from Procesi's description of Z(F,n) 
by means of invariants that ed(PGL„) ^ n 2 + 1, see [Pro67, Th. 1.8]. With some 
additional work, Procesi [Pro67, Th. 2.1] proved that ed(PGL„) ^ n 2 . The current 
best upper bounds are 



see [LRRS03, Th. 1.1], [Lem04, Prop. 1.6], and [FF08]. 

Tsen's theorem can be used to show that ed(PGL„) ^ 2 for any n ^ 2, see 
[ReiOO, Lemma 9.4a]. The current best lower bounds are 

ed(PGL„) ^ cd p (PGL„) ^ (r - l)p r + 1 



ed_p(j£") = sup{edi?(a)} 



R\-,G). 




|(n — l)(n — 2) if n ^ 5 and n is odd 
n 2 - 3n + 1 if n $s 4, F = F sop , and char(F) = 
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where p r is the highest power of p dividing n and we assume char F ^ p, see 
Merkurjev [Merar] and the discussion below. This improves on the long-standing 
lower bound ed(PGL p .) ^ ed p (PGL p r) ^ 2r in [Rei99, Th. 16.1], [RYOO, Th. 8.6]. 
Finally, because of the decomposition of central simple algebras into prime powers, 
ed(PGL„ m ) s£ cd(PGL„) + cd(PGL m ) if (n,m) = 1. 

Table 6 lists current bounds for ed(PGL n ) for small values of n, obtained by 
combining the bounds in this discussion with those after the discussion of Problem 
6.4. (A slightly different table on the same topic can be found at the end of Baek's 
thesis [BaelO].) Of course, the bounds may improve upon further specification of the 
field. The cases for n = 4 in characteristic 2 and for n = 5 are the smallest unknown 
cases, and each has important implications for the crossed product problems of §2 
and §1, respectively (see discussion below). The feeble bounds on the second line 
of the table — when the characteristic divides n — illustrate our lack of knowledge in 
this case. One of the few positive results is that the upper bound cd(PGL,4) ^ 5 
from [LRRS03, Cor. 3.10(a)] holds without hypotheses on the base field. 



n 


2 


3 


4 


5 


6 


7 


8 


9 


10 


ed(PGL„) 
char F \ n 


2 


2 


5 


2t-6 
3-6 


2t 
3 


2t - 15 
3-15 


17 - 64 


10 - 28 


2t-8 
3-8 


ed(PGL„) 
char F n 


2 


2 


2-5 


2-6 


2-3 


2-15 


2-64 


2-28 


2-8 



Table 6. Bounds for ed(PGL„), references found in the text, t 
means "when F contains £ n / 2 if n is even or £„ + f ~ 1 if n is odd" 



Much more is known about essential p-dimension. By Reichstein-Youssin [RYOO, 
Lemma 8.5.5], ed p (PGL n ) = ed p (PGL p r-) if p r is the highest power of p dividing 
n; in particular, ed p (PGL„) = if p does not divide n. Every central simple alge- 
bra of degree p becomes cyclic over a prime-to-p extension, eventually leading to 
cdp(PGLp) = 2, see [RYOO, Lemma 8.5.7]. Using an extension of Karpenko's incom- 
pressibility theorem to products of p-primary Severi-Brauer varieties, Karpenko- 
Merkurjev [KM08] provide a formula for the essential dimension of any finite p- 
group, considered over a field containing the p-th roots of unity. This general 
formula was extended to twisted p-groups and algebraic tori in [LMMR09] , and 
ultimately used with great success by Merkurjev [MerlO], [Merar] to establish the 
formula cd p (PGL p 2) = p 2 + 1 for any field F with chari* 1 ^ p, and the current best 
lower bound 

(6.3) (r - l)p r + 1 sc ed p (PGL p ,) ^ p 2r ~ 2 + 1. 

The above upper bound is in a recent preprint by Ruozzi [RuolO], improving on 
[MR09, Th. 1.1]. For p = 2 and r = 3, note that the upper and lower bounds 
coincide, yielding cd2(PGLg) = 17 when charF # 2. 

Asymptotic bounds. It might be illustrative to view these bounds on cd(PGL„) 
asymptotically, in terms of big-O notation. In that language, we have the naive 
upper bound that ed(PGL„) is 0(n 2 ) and the naive lower bound that it is ^(1), 
because it is between n 2 + 1 and 2. The furious profusion of bounds listed in 
this section are invisible in this context, except for Merkurjev's lower bound (6.3), 
which shows that ed(PGL„) is not 0(n). (This settled in the negative Bruno Kahn's 
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"barbecue problem" posed in 1992 [MR09, §1].) The gap between the upper and 
lower bounds for PGL„ stands in interesting constrast with the situtation for Spin n : 
cd(Spin n ) is both <3(\/2 ) and f2(\/2 ), i.e., is asymptotically bounded both above 
and below by constants times y/2 , by [BRV10]. 

Essential dimension and crossed products. Let G be a finite group of order 
n ^ 2. Let CPAlg„ (resp. Alg G ) be the functor Fields^ — » Sets assigning to F — > K 
the set of isomorphism classes of crossed product (resp. G-crossed product) K- 
algebras of degree n. Of course, ed(CPAlg„) is the maximum of ed(Alg G ) over all 
groups G of order n. These functors are relevant to the crossed product problem 
discussed in §2. For example, ed(Alg G ) $c ed(CPAlg n ) ^ cd(PGL„), with equality 
if every central simple algebra of degree n over every field extension of F is a G- 
crossed product. An inequality ed(CPAlg„) < ed(PGL„) would imply the existence 
of a noncrossed product algebra of degree n over some field extension of F. 

Problem 6.4. Determine structural conclusions about central simple algebras from 
essential (p-) dimension bounds. 

(1) Calculate bounds for cd(CPAlg n ) and ed(Alg G ). 

(2) Compute the difference ed(Alg G ) — ed(G). 

(3) If cd(CPAlg n ) = ed(PGL„), determine whether every algebra of degree n 
over every extension of F is a crossed product. 

What is known. By [Alb61, IX. 6, Theorem 9], H 1 (— , PGL n ) is isomorphic to the 
functor Alg G for n = 2, 3, 6 and G = C n , and for n = 4 and G = C*2 x C-2- A result 
communicated to us by Merkurjev states that cd(Alg G ) = cd(C„) + 1 when charF 
does not divide n (see Prop. 6.6). Since cd(C2) = ed(Ca) = 1 (over any field, see 
cf. [Ser08, §1.1], [JLY02, §2.1]), and cd(C 6 ) equals 1 or 2 (depending on whether F 
contains the 6-th roots of unity or not), we obtain the values listed in Table 6 for 
n = 2,3,6 and charF not dividing n. When n = 6 and charF divides n, one can 
show that ed(C 6 ) = 2 using [Led07, Th. 1], and therefore 2 ed(PGL 6 ) sS 3. Note 
that Prop. 6.6 resolves Problem 6.4(2) for G = C n , when charF does not divide n. 

In [Merar, Th. 7.1], Merkurjev proved that ed(Alg G2xGa ) = 5 when charF # 2, 
and thus ed(PGL4) = 5 (see also Rost [RosOO]). Note that since ed(Alg G4 ) = 
ed(C*4) + 1^3 when charF ^ 2, this implies the existence of noncyclic algebras of 
degree 4 (and period 4), as exhibited in [Alb33]. 

One can bound cd(Alg G ) by bounding the number of generators of G. If a 
finite group G of order n can be generated be r ^ 2 elements, then ed(Alg G ) ^ 
(r - l)n + 1, see [LRRS03, Cor. 3.10a]. This shows cd(PGL 4 ) < 5 when charF = 2. 
The bound is sharp for charF / p: if G = Cp for r ^ 2 and charF # p, then 
ed(Alg G ) = ed p (Alg G ) = (r - l)p r + 1 by [Merar, Th. 7.1]. Note that this resolves 
Problem 6.4(1) for elementary abelian G. One can bound the number of generators 
by r ^ log 2 (n) for n ^ 4, see [LRRS03, Cor. 3.10b], and this bound is realized on 
elementary abelian 2-groups. Thus cd(CPAlg„) ^ (log 2 (n) — l)n + 1 for n ^ 4. 
Now we have: 

cd(CPAlg 8 ) s£ 17 = cd 2 (PGL 8 ) ^ cd(PGL 8 ). 

As there exist non-crossed products of degree 8, it is reasonable to guess that at 
least one of the two inequalities is strict. 
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Algebras with small exponent. The functor H (— , GL„//i m ) assigns to a field 
K the isomorphism classes of central simple F-algebras of degree n and period di- 
viding to. Of course, H^-, GL„ ///„) = H 1 (— , PGL„). By Albert's theorem, every 
algebra of degree 4 and period 2 is biquaternion, ultimately yielding cd(GL/4 //i 2 ) = 
ed 2 (GL 4 //i 2 ) = 4 when charF # 2, see [BM10, Rem. 8.2]. When charF = 2, 
all algebras of degree 4 and period 2 are cyclic by [Alb34], hence ed(GL4 /// 2 ) = 
ed(Alg C4 ) ^ ed(C*4) + 1=3 (one can bound ed(C*4) using Witt vectors of length 
2, see [JLY02, Th. 8.4.1]). Similarly, for GL 8 //i 2 , Rowen [Row78] produced tri- 
quadratic splitting fields, ultimately yielding ed(GLs j p^) = ed 2 (GLg //i 2 ) = 8 when 
charF # 2, see [BM10, Cor. 8.3]. In particular, this implies the existence of alge- 
bras of degree 8 and period 2 (when charF ^ 2) that are not decomposable as a 
product of three quaternion algebras; such examples were exhibited in [ART79]. 
When charF # p, the current best bounds for cd p (GL p r //i p s) are 



for r 2 and 1 sC s sC r, see [BM10, Th. 6.1, 7.2], [RuolO, Th. 1.1], and [BaelO, 
Th. 4.1.30]. For p odd and r = 2, the upper and lower bounds coincide, yielding 



This implies the existence of indecomposable algebras of degree p 2 and period p, as 
exhibited previously in [Tig87], and is an example of an essential dimension result 
having implications on the existence of algebras with certain structural properties. 
The smallest open cases seem to be: 

Problem 6.5. Compute cdi?(GL§ //i 2 ) when charF = 2; odp (GL16 //x 2 ) when 
charF ^ 2; and edF(GL p 2 //i p ) for odd primes p and all F. 

The last part overlaps with Problem 2.1. 

We prove the essential dimension result stated above: 

Proposition 6.6. 7/charF does not divide n > 1, then edi?(Alg Cn ) = edi?(C„)-|-l. 

Proof. Since clearly edi?(Alg c ) ^ cd^(C„) + 1, it suffices to produce an algebra 
with essential dimension at least edF(C n ) + 1. Suppose K/F is a field extension, 
L/K is a cyclic field extension of degree n, and A = (L/K,a,t) is a cyclic crossed 
product over the rational function field K(t). The parameter t defines a discrete 
valuation v on F, and we have a residue d v (A) = for an element x °f order 
n in the character group X(K). If A is defined as Aq over an extension F/F, 
then t defines a discrete valuation vq on F, and d Vo (Ao) = %o e X(k(vq)). Since 
the residue map commutes with scalar extension — scaled by the ramification in- 
dex if necessary — xo has order at least n, hence edF(C„) ^ trdeg F (K(i>o))- Since 
trdcg F («:('i;o)) < trdeg^(F), we conclude ed_F(C„) < edp(A). □ 



Involutions on central simple algebras are ring-antiautomorphisms of period 2. 
They come in different types, depending on their action on the center and on the 
type of bilinear forms they are adjoint to after scalar extension to an algebraic 
closure of the center: an involution is of orthogonal (resp. symplectic) type if it 
is adjoint to a symmetric, nonalternating bilinear form (resp. to an alternating 




for p = 2 and s = 1 
otherwise 



ed p (GL p 2 jp v i) = p 2 + 1 and cd p (GL p 2 /fi p ) = p 2 + p. 



7. Springer problem for involutions 
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bilinear form) over an algebraic closure; it is of unitary type if its restriction to 
the center is not the identity. The correspondence between central simple algebras 
with involution and linear algebraic groups of classical type was first pointed out 
by Andre Weil [Wei60] ; it is a deep source of inspiration for the development of the 
theory of central simple algebras with involution, see [KMRT98]. For semisunple 
linear algebraic groups, Tits defined in [Tit66] a notion of index, which generalizes 
the Schur index of central simple algebras and the Witt index of quadratic forms. 
Anisotropic general linear groups arise from division algebras, and anisotropic qua- 
dratic forms yield anisotropic orthogonal groups. More generally, every adjoint 
group of type ^Dn or 2 D n over a field of characteristic different from 2 can be rep- 
resented as the group of automorphisms of a central simple algebra A of degree 2n 
with orthogonal involution er; the group is anisotropic if and only if a is anisotropic 
in the following sense: for x e A, the equation o~(x)x = implies x = 0. The 
behavior of the index under scalar extension is a major subject of study, to which 
the following problem, first formulated in [BST93, p. 475], pertains: 

Problem 7.1. Suppose a is an anisotropic orthogonal or symplectic involution on 
a central simple algebra A over a field F. Does a remain anisotropic after scalar 
extension to any odd-degree field extension of F? 

(If char .F = 2, the question makes sense, but to preserve the relation with linear 
algebraic groups one should replace the orthogonal involution a with a quadratic 
pair [KMRT98, §5B].) 

Representing A as End^i V for some vector space V over a division algebra D, 
we may rephrase the problem in terms of hermitian forms: if a hermitian or skew- 
hermitian form over a division algebra with orthogonal or symplectic involution 
is anisotropic, does it remain anisotropic after any odd-degree extension? When 
the central simple algebra is split (which is always the case if its degree dcg A is 
odd), orthogonal involutions are adjoint to symmetric bilinear forms, and the prob- 
lem has an affirmative solution by a well-known theorem of Springer [EKM08, 
Cor. 18.5] (actually first proven — but not published — by E. Artin in 1937, see 
[Kah08, Rem. 1.5.3]). On the other hand, every symplectic involution on a split 
algebra is hyperbolic, hence isotropic, so the problem does not arise for symplectic 
involutions on split algebras. At the other extreme, if A is a division algebra, then 
the solution is obviously affirmative, since A remains a division algebra after any 
odd-degree extension and every involution on a division algebra is anisotropic. 

Variants of Problem 7. 1 take into account the "size" of the isotropy: call a right 
ideal I (z A isotropic for an involution a if o(T) ■ I = {0}, and define its reduced 
dimension by rdim/ = j"g a . The reduced dimension of a right ideal can be any 
multiple of the Schur index ind A between ind A and deg A, but for isotropic ideals 
we have rdim/ ^ i deg A, see [KMRT98, §6A]. The involution a is called metabolic 
if A contains an isotropic ideal of reduced dimension i deg A. A weak version of 
Springer's theorem holds for arbitrary involutions: Bayer-Lenstra proved in [BL90, 
Prop. 1.2] that an involution that is not metabolic cannot become metabolic over 
an odd-degree field extension. As a result, Problem 7.1 also has an affirmative 
solution when ind A = ^dcgA, for in this case isotropy implies metabolicity. (See 
[BFT07, Th. 1.14] for the analogue for quadratic pairs.) 

If charF # 2 and \ndA = 2, Problem 7.1 was solved in the affirmative by 
Parimala-Sridharan-Suresh [PSS01]. The symplectic case is easily reduced to the 
case of quadratic forms by an observation of Jacobson relating hermitian forms over 
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quaternion algebras to quadratic forms. The orthogonal case also is reduced to the 
case of quadratic forms, using scalar extension to the function field of the conic 
that splits A. That approach relates Problem 7.1 to another important question, 
to which Parimala-Sridharan-Suresh gave a positive solution when ind A = 2 and 
char F jt 2: 

Problem 7.2. Suppose a is an anisotropic orthogonal involution on a central simple 
algebra A over a field F. Does a remain anisotropic after scalar extension to the 
function field Fa of the Severi-Brauer variety of Al 

(This is a special case of a general problem concerning semisimple algebraic 
groups, namely whether a projective homogeneous variety under one group has a 
rational point over the function field of a projective homogeneous variety under 
another group. From this perspective, Problem 7.2 is asking for an analogue of the 
index reduction results from [SvdB92], [MPW96], [MPW98], etc.) 

By Springer's theorem, an affirmative answer to Problem 7.2 readily implies that 
Problem 7.1 has an affirmative solution for orthogonal involutions. Surprisingly, 
Karpenko [Kar09a] recently proved that the converse also holds when char F 2: 
an orthogonal involution cannot become isotropic over Fa unless it also becomes 
isotropic over some odd-degree extension of F . 

Problem 7.2 is addressed in the following papers (besides [PSS01] and [Kar09a]): 
[KarOO], [Kar09b], [Gar09b], [Karar]. In [KarOO] and [KarlO, 2.5], Karpenko gives 
an affirmative solution when A is a division algebra. This result is superseded in 
[Kar09b], where he proves that for any quadratic pair on a central simple algebra 
A of arbitrary characteristic, the Witt index of the quadratic form to which the 
quadratic pair is adjoint over Fa is a multiple of ind A. In particular, it follows that 
if the quadratic pair becomes hyperbolic over Fa, then ind A divides ^degA An 
alternative proof of the latter result is given by Zainoulline in [Gar09b, Appendix A] . 
A much stronger statement was soon proved by Karpenko [Karar]: if charF # 2, 
an orthogonal involution that is not hyperbolic cannot become hyperbolic over Fa- 
(The special case where dcg A = 8 and ind A = 4 was obtained earlier by Sivatski 
in [Siv05, Prop. 3], using Laghribi's work on 8-dimensional quadratic forms [Lag96, 
Theoreme 4].) 

Note that the orthogonal and symplectic cases of Problem 7.1 are related by 
the following observation: tensoring a given central simple F-algebra with involu- 
tion (A, a) with the "generic" quaternion algebra (x, y)F(x,y) with its conjugation 
involution yields a central simple F(x, y)-algebra with involution (A', a'), which is 
anisotropic if and only if a is anisotropic. If charF # 2, the involution a 1 is orthog- 
onal (resp. symplectic) if and only if a is symplectic (resp. orthogonal). Therefore, 
a negative solution to Problem 7.1 for a given degree d and index i in the orthog- 
onal (resp., symplectic) case readily yields a negative solution in the symplectic 
(resp. orthogonal) case in degree 2d and index 2i. The same idea can be used to 
obtain symplectic versions of the results on Problem 7.2, where Fa is replaced by 
a field over which the index of A is generically reduced to 2, see [Karar, App. A]. 

If charF # 2, the smallest index for which Problem 7.1 is open is 4, and the 
smallest degree is 12. Since Parimala-Sridharan-Suresh do not address the char- 
acteristic 2 case in [PSS01], Problem 7.1 — restated for quadratic pairs — seems to 
be open in this case already for index 2 and degree 8. (The answer to Problem 
7.1 is "yes" in the degree 6 case. This can be seen via the exceptional isomorphism 
D 3 =A 3 .) 
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Unitary involutions. The analogue of Problem 7.1 for unitary involutions was 
solved in the negative in [PSS01]: for any odd prime p, there is a central simple 
algebra A of degree 2p and index p with anisotropic unitary involution over a field 
F = i((t)), where £ is a ramified quadratic extension of a p-adic field k, which 
becomes isotropic over any odd-degree extension of F that splits A. If p ^ 5, there 
are unitary involutions on division algebras of degree p that become isotropic after 
scalar extension to any maximal subfield. As Parimala-Sridharan-Suresh suggest 
at the end of their paper, the correct analogue of Problem 7.1 for unitary involutions 
should probably ask: Does the involution remain anisotropic after scalar extension 
to a field extension of degree coprime to 2 ind A? 

Motivated by this observation, we can generalize Problem 7.1 by asking: 

Problem 7.3. Let G be an absolutely almost simple linear algebraic group that is 
anisotropic over F. Does G remain anisotropic over every finite extension K/F of 
dimension not divisible by any prime in S(G)7 

Here S(G) denotes the set of 'homological torsion primes' from [Ser95, 2.2.3], 
exhibited in Table 7. Roughly speaking, the results on Problem 7.1 for orthogonal 
and symplectic involutions concern the types B, C, and D cases of Problem 7.3 and 
the results for unitary involutions concern the type A case. The answer to Problem 
7.3 is "yes" for G of type G2 or F4; this can be seen by inspecting the cohomological 
invariants of these groups described in [KMRT98]. 



type of G 


elements of S(G) 


A n 


2 and prime divisors of n + 1 


B n , C n , D n (n > 4), G 2 


2 


Di, Fi, E 6 , E 7 


2 and 3 


E s 


2, 3, and 5 



Table 7. The set S(G) of homological torsion primes for an ab- 
solutely almost simple algebraic group G 



8. Artin-Tate Conjecture 

Motivated by an analogue of the Birch and Swinnerton-Dyer conjecture for 
abelian varieties over global fields of characteristic p, Tate (reporting on joint work 
with Artin) [Tat66b] introduces a host of conjectures for surfaces over finite fields. 
As most of the progress on these conjectures has been made from their connection 
with the Tate conjecture on algebraic cycles and the Birch and Swinnerton-Dyer 
conjecture, a natural challenge arises: Can progress be made on the conjectures in 
this section using "central simple algebra techniques"? 

Let k = W q be a finite field of characteristic p and X a geometrically connected, 
smooth, and projective fc-surface. Let Br(A) = H? t (X, G- m ), which equals the 
Azumaya Brauer group since X is regular over a field. 

Conjecture (Artin-Tate Conjecture A). The Brauer group of X is finite. 

Since Br(X) = Br ur (k(X)), where ~Br ur (k(X)) denotes the unramified (at all 
codimensional 1 points) Brauer group of the function field k(X) of X, Conjecture 
A is equivalent to: 
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Conjecture (Artin-Tate Conjecture A). If k(X) be a function field of transcen- 
dence degree 2 over a finite field, then there are finitely many unramified classes in 
Br(fc(A)). 

Relationship with the Tate Conjecture on algebraic cycles. Let £ ^ p be a 

prime. Let P2 (X, t) be the characteristic polynomial of the action of the (geometric) 
Frobenius morphism on the £-&d\c cohomology H 2 (A, (Q^(l)), where X = X Xk 
k scp . Let NS(A) = Pic(A")/Pic°(X) denote the Neron-Severi group of X and 
p(X) = rankzNS(A) its Picard number. Tate [Tat65, §3] has earlier conjectured 
a relationship between the Picard number and this characteristic polynomial for 
surfaces. 

Conjecture (Tate's Conjecture T). The Picard number of X is egual to the mul- 
tiplicity of the root t = q^ 1 in the polynomial P2(X,t). 

Tate [Tat66b, §4, Conjecture C] refines this by providing a conjectural leading 
term for the polynomial P2(X, t) at t = q" 1 . 

Conjecture (Artin-Tate Conjecture C). 

P 2 (X,q-") |Br(X)||det(fe Ngw )| 
™i (1 _ q i-sy( x ) q a ^ |NS(A) tors p 

where /ins(x) * s the intersection form on the Neron-Severi group modulo torsion, 
ce(X) = x{X, &x) — 1 + dim SPicx, and 3^icx is the Picard variety of X . 

In fact, it turns out that showing the finiteness of Br(A) is the "hard part," and 
all of the above conjectures are equivalent. 

Theorem 8.1. The following statements are equivalent: 

(1) Conjecture A holds for X , i.e. Br(A") is finite. 

(2) ^Br(A) is finite for some prime £ (with £ = p allowed). 

(3) Conjecture T holds for X . 

(4) Conjecture C holds for X . 

In [Tat66b, Th. 5.2], the prime-to-p part of this theorem is proved, i.e. the finite- 
ness of the prime-to-p part of the Brauer group p /Br(A) is equivalent to Conjecture 
C up to a power of p. Milne [Mil75, Th. 4.1] proves the general case using com- 
parisons between etale and crystalline cohomology. Note that in [Mil75], Milne 
assumes that p # 2, though on his website addendum page, he points out that by 
appealing to Illusie [11179] in place of a preprint of Bloch, this hypothesis may be 
removed. 

In turn, Conjecture T is a special case of the Tate Conjecture on algebraic cycles 
[Tat65, Conjecture 1], made at the AMS Summer Institute at Woods Hole, 1964. 
Denote by Z l (X) the group of algebraic cycles of codimension i on a variety X. 

Conjecture (Tate Conjecture). Let k be a field finitely generated over its prime 
field, r = Gal(fc SGp /fc) ; and X a geometrically connected, smooth, and projective 
k-variety. Then the image of the cycle map 

cl: Z\X) -H 2i (X,<Mi)) 

spans the Qg-vector subspace H 2i (A, Qe(i)) r of Galois invariant classes. 
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In the case of interest to us, of (co) dimension one cycles on a surface over a finite 
field, the cycle map factors through the Neron-Severi group and Milne [Mil75, 
Th. 4.1] (following Tate [Tat65, §3]) proves that the Tate conjecture (in this case, 
equivalent to p(X) = rankz H (X ,Qe(l)) r ) is equivalent to Conjecture T. 

What is known. Conjecture T is known for many special classes of surfaces: ra- 
tional surfaces (Milne [Mil70]), Fermat hypersurfaces Xft+X? +X% +X% = 0, with 
p = 1 mod n or p a = — 1 mod n for some a (Tate [Tat65, §3]), abelian surfaces and 
products of two curves (Tate [Tat66a, Th. 4]), K3 surfaces with a pencil of elliptic 
curves (Artin and Swinnerton-Dyer [ASD73, Th. 5.2]), K3 surface of finite height 
(where p ^ 5) (Nygaard [Nyg83, Cor. 3.4] and Nygaard-Ogus [N085, Theorem 
0.2]), and certain classes of Hilbert modular surfaces (Harder-Langlands-Rapoport 
[HLR86], Murty-Kumar-Ramakrishnan [MR87], Langer [LanOO], [Lan04]). Fur- 
thermore, Conjecture T respects birational equivalence and finite morphisms. In 
particular, Conjecture T holds for unirational surfaces and Kummer surfaces. Also, 
Conjecture T holds for any surface which lifts to a smooth surface in characteristic 
zero with geometric genus p g = 0. 

Relationship with the Birch and Swinnerton-Dyer Conjecture. The re- 
fined statement of the Birch and Swinnerton-Dyer (BSD) conjecture over global 
fields of characteristic p appears in [Tat66b, §1]. 

Conjecture (BSD Conjecture). Let K be a global field of characteristic p, A an 
abelian K -variety, and L*(A,s) the L-function of A with respect to a suitably nor- 
malized Tamagawa measure. Then L*(A,s) has an analytic continuation to the 
complex plane and 

lim = |m(^)l|det(M| 

■™ (s-l) r \A(K) toIS \ \A(K) toIS \ 

where hA is the Neron-Tate height pairing on A(K) modulo torsion, A is the dual 
abelian variety, and r = rankz A(K) is the rank of the Mordell-Weil group. 

Milne [Mil68] proves the BSD conjecture for constant abelian varieties. Oth- 
erwise, there are a host of results on the BSD conjecture for particular classes of 
abelian varieties over global fields of characteristic p. For a modern treatment of 
the BSD conjecture for abelian varieties over number fields, see Hindry-Silverman 
[HS00, Appendix F.4]. 

Now, let C be a geometrically connected, smooth, and projective fc-curve with 
function field K = k(C) and suppose that there is a proper flat morphism / : 
X — > C with generic fiber Xk a geometrically connected, smooth, and projective 
Jf-curve. Let A be the jacobian of Xk- 

Theorem 8.2 (Artin-Tate Conjecture d). Conjecture C for the k-surface X is 
equivalent to the BSD conjecture for the jacobian A of the K -curve Xk- 

Tate explains that "this conjecture gets only a small letter d as label, because it 
is of a much more elementary nature" than Conjecture C or the BSD conjecture, 
see [Tat66b, §4]. The Artin-Tate conjecture d is proved by Liu-Lorenzini-Raynaud 
[LLR05], following a suggestion of Leslie Saper. In fact, as shown in [LLR05, Proof 
of Theorem 1], any geometrically connected, smooth, and projective fc-surface X is 
birational to another such surface X 1 admitting a proper flat morphism /' : X' — > P 1 
with geometrically connected, smooth, and projective generic fiber. In particular, 
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up to birational transformations, we may replace any surface by a surface fibered 
over a curve to which Conjecture d applies. 

Square order of the Brauer group. If either group is assumed to be finite, 
then a precise relationship between [Br(X)| and |LH(A)| is given in Liu-Lorenzini- 
Raynaud [LLR04, Th. 4.3], [LLR05, Corollary 3] in terms of the local and global 
periods and indices of the curve Xk ■ 

Theorem 8.3 (Liu-Lorenzini-Raynaud [LLR05, Cor. 3]). Let f : X — » C be as 
above. For each closed point v of C , denote by K v the completion of K = k(C) 
at v, and by S v and S' v the index and period, respectively, of the K v -curve Xk„- 
Denote by 5 the index of the K-curve Xk- Assume that either Br(X) or B1(A) is 
finite, where A is the jacobian of Xk- Then 

\W(A)\ YlSJ' v = \Br(X)\S 2 

veC 

and |Br(X)| is a square. 

As explained in the introduction of [LLR05], the fact that the Brauer group of 
X has (conjecturally) square order is surprising given the history of the subject. 
Tate [Tat66b] (see also Milne [Mil75, Th. 2.4]) exhibit a skew-symmetric bilinear 
pairing, 

Bv(X) x Br(X) Q/Z 

(x,y) i-» tr(xu /3y) 

on the Brauer group of a surface over a finite field, defined by taking lifts x,y e 
H? t (X, /i„) of x,y e „Br(A), where @ : H? t (X,fi n ) — > H? t (X,n n ) is the cobound- 
ary map arising from the exact sequence 1 — > fi n — * [i n i — > fj, n — > 1, and tr : 
H^ t (X, /^® 2 ) = Z/nZ is the arithmetic trace map induced from duality and the 
Hochschild-Serre spectral sequence, as in [Tat66b, Formula 5.4]. This pairing is 
non-degenerate on the prime-to-p part of the Brauer group and has kernel consist- 
ing of the maximal divisible subgroup of Br(X). In particular, if Br(X) is assumed 
to be finite, it must have order either a square or twice a square. 

In the late 1960s, Manin published examples of rational surfaces over finite fields 
with Brauer group of order 2. Finally, in 1996, Urabe found a mistake in Manin's 
examples and proved that rational surfaces always have Brauer groups of square 
order. The proof that 2Br(A) is a square in [LLR05] uses knowledge of 2lH(A), via 
Theorem 8.2. 

The (conjectural) square order of Br(X) would immediately result from the 
existence of a non-degenerate alternating pairing. Of course, this is only a nontrivial 
question on the 2-primary torsion Br(X)(2) of the Brauer group. 

Problem 8.4. Given a geometrically connected, smooth, projective surface X over 
a finite field k, is there a non-degenerate alternating pairing on Br(X)(2) with values 
in Q/Z? 

This is addressed in Urabe [Ura96, Th. 0.3], where it is proved that the restriction 
of Tate's skew-symmetric form to ker(Br(X) — > Bi(X)) is alternating. As a corol- 
lary, this settles the question whenever H? t (X, Z2(l))tors is trivial, in particular, 
this is the case for rational surfaces, ruled surfaces, abelian surfaces, K3 surfaces, 
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or complete intersections in projective space. The question is still open, for ex- 
ample, if X is an Enriques surface. Also see Poonen-Stoll's [PS99, §11] possible 
strategy for finding a counterexample. 

9. The tensor product problem 

Both surveys [Ami82] and [Sal92] address problems concerning division algebra 
decomposability. We say an F-division algebra D is decomposable if there exist F- 
division algebras A and B such that D ~ A®f B. All division algebras decompose 
into p-primary tensor factors, and all p-primary factors with equal period and index 
are indecomposable, so the problem of when a division algebra decomposes is only 
interesting for division algebras of unequal prime-power period and index. Albert 
proved that any division algebra of period 2 and index 4 is decomposable in [Alb32], 
and for a long time all known division algebras of unequal period and index were 
decomposable by construction. However, in 1979 Saltman and Amitsur-Rowen- 
Tignol independently constructed nontrivially indecomposable division algebras, in 
[Sal79] and [ART79]. In 1991 Jacob produced indecomposable division algebras of 
prime period p and index p n for any n 5= 1, except when p = 2 and n = 2 ([Jac91]). 
Thus by the time of Saltman's survey [Sal92], examples had been produced of every 
conceivable period-index combination, though not in every characteristic. 

One of the few remaining gaps in the list of [Sal92] was filled shortly afterwards 
by Karpenko, who produced indecomposable division algebras (of a generic type) 
in any characteristic with any odd prime-power period p m and index p n , for any 
m ^ n (see also [McK08]), and period 2 and index 2" for n ^ 3. The odd degree 
examples used the index reduction formula [SvdB92] of Schofield and van den Bergh 
and the theory of cycles on Severi-Brauer varieties ([Kar95]), and the 2-power 
degree examples used his theorem [Kar98, Prop. 5.3] that a division algebra A 
of prime period is indecomposable if the torsion subgroup of the Chow group of 
codimension-2 cycles on A's Severi-Brauer variety is nontrivial. The two problems 
on indecomposability asked in [Sal92] were settled by Brussel in [BruOO] (Problem 
6) and [Bru96] (Problem 7), respectively. However, Brussel's solution to Problem 
6, which asked for an indecomposable division algebra of prime degree p n that 
becomes decomposable over a prime-to-p extension, relied on the absence of a p-th 
root of unity, and Problem 6 remains open for fields containing the p-th roots of 
unity. Thus the search for a "geometric" obstruction to decomposability is still 
interesting. For example, Karpenko's examples resulting from Karpenko's theorem 
are manifestly stable under prime-to-p extension. 

Problem 9.1. Is there a structural criterion for the tensor product A®p B of two 
F-division algebras A and B to have a zero divisor? 

For a fixed primitive n-th root of unity £, let (a, b) n denote the symbol algebra 
of degree n over F, generated by elements u and v under the relations u n = a, 
v n = b, uv = £vu. 

Problem 9.2. Suppose (a, b) n and (c, d) n are symbol algebras of degree n over F, 
and (a, &)„®f (c, d) n has index < n 2 . Are there necessarily symbol algebras (a', b') n 
and (c', d') n that share a common maximal subfield and such that (a, b) n 0p{c, d) n = 
{a',V) n ® F (c\d') n ? 

One can also consider splitting fields instead of maximal subfields: 
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Problem 9.3. If ind(A ®f B) < ind(A) ind(-B), what are the common splitting 
fields for the F-division algebras A and Bl 

What is known. The first major result concerning the tensor product question 
was Albert's theorem that the tensor product of central quaternion algebras is a 
division algebra if and only if they do not have a common maximal subfield ([Alb32, 
Th. 6]). Using a similar proof, Risman [Ris75] showed that for any quaternion 
algebra A and any division algebra £?, if A®B is not a division algebra, then either 
B contains a field K such that A (x) K is not a division algebra, or A contains a field 
K such that K (x) B is not a division algebra. 

In spite of Albert's theorem for quaternions, Tignol and Wadsworth [TW87, 
Prop. 5.1] produced for any odd integer n an example in which A and B are division 
algebras of degree n, A®pB is not a division algebra, yet A and B have no common 
maximal subfields. Saltman pointed out that for these examples, A ®p B op is a 
division algebra, and he noted that a better question to ask is therefore whether 
one could have A® 1 (x) B not a division algebra for all i, with A and B still having 
no common subfields. Mammone answered the question in [Mam92], producing 
examples A ®p B with A of degree n and B of degree n 2 for any n. Then Jacob 
and Wadsworth [JW93, Th. 1] constructed examples of degree p for any odd prime 
p, using valuation-theoretic methods. In [Kar99, Th. II. 1], Karpenko produced an 
essentially different family of examples, also of equal odd prime degrees, using the 
theory of the Chow group of Severi-Brauer varieties. 

The examples of [JW93] support an affirmative answer to Problem 9.2. In fact, 
they involve symbol algebras A = (a, X) p and B = (c, dX) p of degree n = p over a 
power series field F : = fc((A)), with a,c,d e k, and A®' (x) B S (a*c, A) p (x) (c, d) p . 
This has index p iff k(^/a l c) splits (c, d) p , which is the case if and only if (a l c, X) p 
and (c, d) p have a common subfield. 

As for Problem 9.3, it follows from Albert's and Risman's examples that if A is 
a quaternion, B has degree 2™ , and A (x) B is not a division algebra, then A and 
B have a common splitting field of degree less than or equal to 2™ over F. The 
Mammone, Jacob- Wadsworth, and Karpenko examples showed that the Albert 
and Risman results could not be generalized in the obvious way; in particular 
any common splitting field of the degree p examples is divisible by p 2 . However, 
Karpenko proceeded to generalize the Albert-Risman results as follows. Let A be a 
central simple F-algebra of degree p, let B\, ... , B p _\ be central simple F-algebras 
of degrees p ni , . . . ,p rbp - 1 , and let n = n\ + ■ ■ • + n p _i. Suppose that for every 
i = 1, . . . ,p— 1, A®p Bi has zero divisors. Then there exists a field extension E/F 
of degree less than or equal to p n that splits all of the algebras A, Bi, . . . , -B p _i 
([Kar99, Th. 1.1]). In a similar vein, Krashen proved that if A\, . . . , A p k are central 
simple F-algebras of degrees p n for a prime p, and Ax (x) F • • • ® F A p k has index 

p k , then the Ai are split by an etale extension E/F of degree p n ( p ~ 1 '>m, where m 
is prime-to-p ([KralO, Cor. 4.4]. Problems such as these are connected with the 
notion of canonical dimension, see [KarlO] for a survey. 

As noted above, Karpenko's examples made use of the seminal index reduction 
formula due to Schofield and Van den Bergh from [SvdB92] . Such formulas should 
play a role in helping to resolve Problem 9.3, which is framed quite generally. For 
example, there has been considerable recent interest in the special case: // A and 
B have the same splitting fields (chosen from some class of extension fields), then 
are A and B isomorphic? We address this in the next section. 
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10. Amitsur Conjecture 

As a central simple F-algebra A is largely understood via the study of its splitting 
fields (see §0), it is natural to try to determine exactly how much information about 
A is captured by its splitting fields alone. 

In [Ami55], Amitsur constructed for any F-division algebra A a generic splitting 
field F(A), whose defining property is that a field extension L/F splits A if and 
only if F(A) has a place in L (see [Bou88b, VI.2]). The first field of this type 
was constructed by Witt in [Wit34], for quaternion algebras. Amitsur proved that 
his F(A) is the function field of A's Severi-Brauer variety SB(A), first studied 
by Chatelet in [Cha44]. Nowadays, the generic splitting field of a central simple 
algebra is viewed as a special instance of the generic splitting field of a (reductive) 
algebraic group, as described in [KR94]. Amitsur proved: 

Theorem 10.1. [Ami55, §9] Let A and B be central simple F -algebras. 

(1) A and B have the same splitting fields if and only if A is Brauer- equivalent 
to B® 1 for some integer i relatively prime to the period of A. 

(2) If F(A) is isomorphic to F(B), then A and B generate the same subgroup 
of the Brauer group. 

He then posed the following converse of (2): 

Conjecture 10.2 (Amitsur's Conjecture). If A and B have the same degree and 
generate the same subgroup of the Brauer group, then F(A) and F(B) are isomor- 
phic. 

The question was raised in [Ami55] , and appears as Question 6 in [Ami82] . 

By definition, the generic splitting fields F(A) and F(B) are isomorphic if and 
only if the Severi-Brauer varieties SB(A) and SB(B) are F-birational. It is not 
hard to show that if A and B are as in the conjecture, then F(A) and F(B) are 
stably isomorphic. 

What is known. Amitsur was able to prove his conjecture in either the case where 
A has a maximal subfield that is cyclic Galois, or in the case where A is arbitrary 
and B is A op [Ami55]. Roquette later extended these results to the case where 
A has a maximal subfield which is solvable Galois [Roq64]. Tregub, using very 
different techniques, proved the result for A arbitrary of odd degree in the case 
where B is equivalent to A® 2 [Tre91]. Krashen generalized Roquette's results to 
the case where A has a maximal subfield whose Galois closure is dihedral (hence 
quadratic over the maximal subfield), and also showed that the conjecture may be 
reduced to considering the case where every nontrivial subfield of A is a maximal 
subfield [Kra03]. 

Theorem 10.1(1) says that the splitting fields almost determine the algebra. But 
it may be too much to expect to know all of the splitting fields of a central simple 
algebra, and so we will pose a finer problem. Note first that Theorem 10.1(2) 
says that if algebras A and B have degree n, then the fields F(A) and F(B) have 
transcendence degree n — 1. It follows that if A and B have the same splitting fields 
of transcendence degree < n, then they generate the same subgroup of the Brauer 
group. It is therefore natural to ask about splitting fields of smaller transcendence 
degrees, or even finite splitting fields. 
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Problem 10.3. Determine whether two division algebras that have the same split- 
ting fields in a given class (say finite, or of transcendence degree at most one), 
necessarily generate the same subgroup in the Brauer group. 

The smallest open case appears to be: 

Problem 10.4. Determine whether two division algebras of degree 3 that have the 
same splitting fields of transcendence degree ^ 1 generate the same subgroup of 
the Brauer group. 

In the case of finite extensions, one has to be a bit more careful; one may easily 
construct examples of central simple algebras A and B over global fields which 
have all the same finite splitting fields, but which do not generate the same cyclic 
subgroup of the Brauer group [PR09, p. 149]. On the other hand, it is easy to 
show that if A and B are quaternion algebras over a global field that have the same 
collection of quadratic splitting fields, then A and B must be isomorphic. This 
motivates the following. 

Problem 10.5. Show that if F is a field which is finitely generated over a prime 
field or over an algebraically closed field, then any two quaternion division algebras 
having the same finite splitting fields (or even just the same maximal subfields) 
must be isomorphic. 

What is known. Garibaldi and Saltman [GS10] showed that if F has trivial "un- 
ramified Brauer group" (in a sense including the archimedean places) , then any two 
quaternion division algebras over F having the same maximal subfields must be 
isomorphic. Rapinchuk and Rapinchuk proved similar results for period 2 division 
algebras in [RR09]. Krashen and McKinnie [KM10] showed that if quaternion al- 
gebras over F may be distinguished by their finite splitting fields, then the same is 
true over F(x). 

For algebras of higher degree, the situation for global fields leads one to the 
following problem: 

Problem 10.6. Show that if F is a field which is finitely generated over a prime 
field or over an algebraically closed field, and I? is a division algebra, then there are 
only finitely many other division algebras which share the same collection of finite 
splitting fields. 

What is known. One may easily verify this for global fields. Krashen and McK- 
innie [KM10] showed that if this is true for a field F, it remains true for the field 
F{x). 

11. Other problems 

11. A. Group admissibility and division algebras. Let F be a field and G a 
finite group. We say G is F -admissible if there exists a G-crossed product _F-division 
algebra A. 

Problem 11.1. Determine which groups are inadmissible, for a field F. 

This problem is an extension of the inverse Galois problem, and is especially 
interesting for F = Q. It appears as part of Problem 5 in [Ami82]. 

The next problem, also known as the Q- admissibility conjecture, was first recog- 
nized in [Sch68]. 

Problem 11.2. Prove every Sylow-metacyclic group is Q-admissible. 
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What is known. We discuss only the number field case of Problem 11.1. Schacher 
initiated the study of admissibility in his thesis, where he proved that for any 
finite group G there exists a number field F over which G is F-admissible ([Sch68, 
Th. 9.1]). His key observation was that if F is a global field, a group G is in- 
admissible if and only if (a) G is the group for a Galois extension L/F, and (b) for 
every prime p dividing |G|, there are two places v\ and vi such that Gal(L Vi /F Vi ) 
contains a p-Sylow subgroup of G ([Sch68, Prop. 2.5]). It follows easily that a 
Q-admissible group is Sylow-metacyclic: every Sylow subgroup P of G contains a 
normal subgroup H such that both H and P/H are cyclic ([Sch68, Th. 4.1]). This 
motivated Problem 11.2. 

Schacher proved all Sylow-metacyclic abelian groups are Q-admissible in [Sch68, 
Th. 6.1], and Gordon-Schacher proved that all metacyclic p-groups are Q-admissible 
in [GS79]. Liedahl extended this result to give necessary and sufficient conditions 
on a pair (G, F) for G to be F-admissible, where G is a metacyclic p-group and F 
is a number field ([Lie96]). In 1983 Sonn settled Problem 11.2 for solvable groups, 
proving they are all Q-admissible in [Son83]. 

To help organize the work for nonsolvable groups we make the following obser- 
vations. Schacher showed that S n is Q-admissible if and only if n ^ 5 in [Sch68, 
Th. 7.1]. He showed that the alternating group A„ is not Q-admissible for n ^ 8 in 
[Sch68, Th. 7.4], but did not solve the problem for n = 4, 5, 6, and 7, though Gordon 
and Schacher proved A4 = PSL(2, 3) is Q-admissible in [GS77]. Schacher also noted 
that the groups PSL(2,p), which are simple for p ^ 5, are Sylow-metacyclic for p 
a prime, making them a natural target for attempts at Problem 11.2. Chillag and 
Sonn noted that the central extensions SL(2,p") of PSL(2,p") are Sylow-metacyclic 
for n ^ 2 and p ^ 5, and that a nonabelian finite simple Sylow-metacyclic group be- 
longs to the set {A 7 ,M 11 ,PSL(2,p n ) for n s£ 2 and p n # 2,3} ([CS81, Lemma 1.5]). 
In 1993, Fein-Saltman-Schacher proved that any finite Sylow-metacyclic group that 
appears as a Galois group over Q is Q(i)- admissible ([FSS93]). 

Here is a list of known non-solvable Q-admissible groups and the papers in which 
the results appear: A 5 = PSL(2,4) = PSL(2,5) ([GS79]); A 6 = PSL(2, 9) and 
A 7 , ([FV87], [SS92]); SL(2,5), ([FF90]); the double covers A 6 = SL(2,9) and A 7 , 
([Fei94]); PSL(2,7) and PSL(2, 11), ([AS01]); and SL(2, 11), ([Fei02]). In some 
cases, these groups are known to be inadmissible in more general circumstances. 
For example, the condition "2 has at least two prime divisors in F or F does not con- 
tain \J— 1" is necessary and sufficient for the F-admissibility of the groups SL(2, 5), 
([FF90]); A 6 and A 7 QSS92]), and PSL(2,7), ([AS01]). Feit proved PSL(2, 11) is 
inadmissible over all number fields in [Fei04]. Problem 11.2 for PSL(2, 13) remains 
open. 

Interestingly, an analog of the Q-admissibility conjecture was recently proved 
by Harbater, Hartmann, and Krashen for the function field of a curve over a dis- 
cretely valued field with algebraically closed residue field, using patching machinery 
([HHKar]). 



ll.B. SK\ of central simple algebras. For a central simple F-algebra A, write 
SLi(A)(F) for the elements of A with reduced norm 1 and 

SK X {A) :=SL 1 (A)(F)/[A X ,A X ]. 
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This group depends only on the Brauer class of A [Dra83, p. 160]. If A is not 
division, then SKi(^4) is the Whitehead group of the linear algebraic group SLi(^4) 
appearing in the Kneser-Tits Problem, see [Tit78] and [Gil09]. 

The basic question is: What is this group? It is always abelian (obviously) and 
torsion with period dividing the index of A [Dra83, p. 157, Lemma 2], It was for 
a long time an open question (called the Tannaka-Artin Problem) whether it is 
always zero. For example, Wang proved in [Wan50] that it is zero if the index of 
A is square- free. Then in [Pla75], Platonov exhibited a biquaternion algebra with 
nonzero SKi ; re- worked versions of this example can be found also in [KMRT98] and 
[Dra83, §24]. Moreover, every countable abelian torsion group of finite exponent — 
e.g., a finite abelian group — is SKi(^4) for some algebra A over some field. 

One can also consider SKi simultaneously over all extensions of F, which is 
connected with the structure of SL r (A) as a variety: 

Theorem 11.3. For a central simple F -algebra A, SKi(yl(x)L) = for every 
extension L/F if and only if SL r (A) is retract rational for every (resp., some) 
r ^ 2. 

The "if" direction can be found in [Vos98, p. 186]. The full theorem amounts to 
combining the results from ibid, with [Gil09, Th. 5.9]. Gille's theorem furthermore 
shows that the conditions are equivalent to the abstract group SL r (^4)(L) being 
"projectively simple" for every extension L/F and every r ^ 2. 

The main problem from this point of view is to prove the following converse to 
Wang's result: 

Conjecture 11.4 (Suslin [Sus91, p. 75]). 7/SKi(A(x)L) = for every extension 
L/F, then the index of A is square-free. 

The main known result on this conjecture is due to Merkurjev in [Mer93] and 
[Mer06]: If 4 divides the index of A, then SKi(^4 ® L) for some L/F. 

11. C. Relative Brauer groups. Let F be a field with nontrivial Brauer group. 
Which subgroups of the Brauer group of F are algebraic relative Brauer groups; i.e., 
of the form Br (K/F) for some algebraic field extension K of Fl Which subgroups of 
the Brauer group of F are abelian relative Brauer groups; i.e., of the form Br(K /F) 
for some abelian field extension K of F? 

In particular, if n > 1 when is the n-torsion subgroup ra Br(i< 1 ) of Br(i< 1 ) an 
algebraic (resp. abelian) relative Brauer group? 

It is conjectured that if F is finitely generated (and infinite), then n Br(F) is an 
abelian relative Brauer group for all n if and only if F is a global field. 

What is known. If F is a global field, then n Br(F) is an abelian relative Brauer 
group for all n ([KS03]; [Pop05]; [KS06]). The conjecture above is that the converse 
holds. So far the following is known [PSW07]: if £ is a prime different from the 
characteristic of F and F contains the £ 2 roots of unity, then the conjecture holds 
for n = £, i.e., there is no abelian extension K/F such that ^Br(F) = Br{K /F). 

11. D. The Brumer Rosen Conjecture. Amongst the first examples one sees, 
probably the fields R or iterated Laurent series M.((xi))((x2)) ■ • • ((x n )) are the only 
ones whose Brauer group is nonzero and finite. This leads to the following naive 
question: 
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Problem 11.5. For which natural numbers n is there a field F such that |Br(F)| = 
/;? 

Fein and Schacher [FS76] noted that every power of 2 can occur. The following, 
finer conjecture would imply that these are the only possibilities. Specifically for 
any field F, we can decompose Br F into a direct sum of its p-primary components 
(Br F) p and ask if the following holds: 

Conjecture 11.6 (Brumer-Rosen [BR68]). For a given field F and each prime p, 
one of the following holds: 

(a) (BrF) p = 0. 

(b) (Br F) p contains a nonzero divisible subgroup. 

(c) p = 2 and (Br F)% is an elementary abelian 2-group. 

Some remarks: 

(1) In contrast with the case for fields covered by this conjecture, every finite 
abelian group can be obtained as the Brauer group of some commutative 
ring [For81]. 

(2) Every divisible torsion abelian group is the Brauer group of some field, 
see [Mer85]. (Interestingly, this note does not appear in MathSciNet, is 
not listed in the journal's table of contents, and has apparently not been 
translated into English.) 

(3) (Br F)2 is an elementary abelian 2-group if and only if the cup product 
map ? • (-1): H 2 (F,^ 2 )^H 3 (J>f 2 ) is an injection [LLT93, Cor. A4]. 

"Many" cases of the conjecture are known: 

• if p = char F . In this case, (Br F) p is p-divisible by Witt's Theorem [Dra83, 
p. 110]. 

• if p = 2 or 3. These are Theorem 3 and Corollary 2 in [Mer83]. 

• if p is odd and there is a division algebra of degree p that is cyclic. This is 
Theorem 2 in [Mer83] . This gives a connection between the Brumer-Rosen 
Conjecture and Problems 1.1 and 3.1. 

• if p = h or F contains a primitive p-th root of unity. These follow from the 
previous bullet, because in these cases the p-torsion in BrF is generated by 
cyclic algebras of degree p. 

Clearly, Merkurjev has largely settled the conjecture, in the same sense that the 
Merkurjev-Suslin Theorem settled a large portion of Problem 3.1 on generation by 
cyclic algebras. The smallest open case is p = 7, and this case would be settled by 
a "yes" answer to Problem 3.2. Does there exist a field with Brauer group Z/7? 

We remark that Fein and Schacher's main result in [FS76] was that "many" of 
the possibilities predicted by Brumer-Rosen actually occur: every countable abelian 
torsion group of the form D@V for D divisible and V a vector space over F2 occurs 
as the Brauer group of some algebraic extension of Q. Efrat [Efr97] gives general 
criteria on the field F for (BrF)2 to be finite and nonzero. 

ll.E. Invariants of central simple algebras. Once one is interested in central 
simple F-algebras of degree n — equivalently, elements of H 1 (F, PGL„) — it is natural 
to want to know the invariants of PGL„ in the sense of [GMS03] with values in, say, 
mod-2 Galois cohomology H l (— , Z/2Z) or the Witt ring W(— ). (In this subsection, 
we assume for simplicity that the characteristic of F does not divide 2n.) 
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Note that this problem is related to Problem 5.1: If PGL n has a non-constant 
invariant that is unramified in the sense of [GMS03, p. 87], then the center of generic 
matrices Z(F, n) from §5 is not a rational extension of F, see ibid., p. 87. There are 
no nonconstant unramified invariants with values in H 4 (— ,G m ) for i ^ 3 by [Sal85] 
(for i = 2) and [Sal97b] (for i = 3). 

This problem is also related to essential dimension as in §6, because cohomo- 
logical invariants provide lower bounds on essential dimension. Specifically: If F 
is algebraically closed and there is a nonzero invariant H 1 (— , PGL„)— >H Z (— , C) for 
some finite Galois module C, then ed(PGL„) ^ i by [GMS03, p. 32]. 

What is known. The case n = 2 concerns quaternion algebras and the invari- 
ants are determined in [GMS03, pp. 43, 66]. For n an odd prime, there are no 
nonconstant Witt invariants (for trivial reasons) and the mod-n cohomological in- 
variants are linear combinations of constants and the connecting homomorphism 
H 1 (— , PGL„) H 2 (-,^„), see [Gar09a, 6.1]. 

The case n = 4 is substantial, but solved. Rost-Serre-Tignol [RST06] construct 
invariants of algebras of degree 4, including one that detects whether an algebra 
is cyclic. (See [Tig06] for analogous results in characteristic 2.) Rost proved that, 
roughly speaking, the invariants from [RST06] generate all cohomological invariants 
of algebras of degree 4 — see [BaelO, §3.4] for details. 

The next interesting case is n = 8. Here, Baek-Merkurjev [BM09] solve the 
subproblem of determining the invariants of algebras of degree 8 and period 2, i.e., 
of GIj8 /jj,2- Beyond this, not much is known. 



References 

[AJ09] R. Aravire and B. Jacob, Relative Brauer groups in characteristic p, Proc. Amer. 

Math. Soc. 137 (2009), no. 4, 1265-1273. 
[Alb32] A. A. Albert, Normal division algebras of degree four over an algebraic field, Trans. 

Amer. Math. Soc. 34 (1932), no. 2, 363-372. 
[Alb33] , Non-cyclic division algebras of degree and exponent four, Trans. Amer. Math. 

Soc. 35 (1933), 112-121. 
[Alb34] , Normal division algebras of degree 4 over F of characteristic 2, Amer. J. 

Math. 56 (1934), no. 1-4, 75-86. 
[Alb36] , Simple algebras of degree p e over a centrum of characteristic p, Trans. Amer. 

Math. Soc. 40 (1936), no. 1, 112-126. 
[Alb38] , A note on normal division algebras of prime degree, Bull. Amer. Math. Soc. 

44 (1938), no. 10, 649-652. 
[Alb61] , Structure of algebras, AMS Coll. Pub., vol. 24, AMS, Providence, RI, 1961, 

revised printing. 

[Ami55] S.A. Amitsur, Generic splitting fields of central simple algebras, Ann. Math. (2) 62 
(1955), 8-43. 

[Ami72] , On central division algebras, Israel J. Math. 12 (1972), 408-422. 

[Ami82] , Division algebras. A survey, Algebraists' homage: papers in ring theory and 

related topics (New Haven, Conn., 1981), Contemp. Math., vol. 13, Amer. Math. Soc, 
Providence, R.I., 1982, pp. 3-26. 

[ART79] S.A. Amitsur, L.H. Rowen, and J. -P. Tignol, Division algebras of degree 4 and 8 with 
involution, Israel J. Math. 33 (1979), 133-148. 

[Art82] M. Artin, Brauer-Severi varieties, Brauer groups in ring theory and algebraic ge- 
ometry (Wilrijk, 1981), Lecture Notes in Math., vol. 917, Springer, Berlin, 1982, 
pp. 194-210. 

[AS78] S.A. Amitsur and D.J. Saltman, Generic abelian crossed products and p-algebras, J. 

Algebra 51 (1978), 76-87. 



OPEN PROBLEMS ON CENTRAL SIMPLE ALGEBRAS 



3:5 



[AS01] 

[ASD73] 

[BaelO] 
[Ben98] 

[Ben05] 

[BF03] 

[BFT07] 

[BH04] 

[BL90] 

[BL91] 

[BM09] 

[BM10] 

[BMT09] 

[BN27] 

[Bou88a] 
[Bou88b] 
[BR68] 

[BR97] 

[Bra38] 

[Bru95] 

[Bru96] 

[BruOO] 

[BruOl] 

[BrulO] 
[BRV10] 

[BST93] 

[BT10] 

[Cha44] 

[CS81] 

[CTGSS10] 



E.S. Allman and M.M. Schacher, Division algebras with PSL(2, q)-Galois maximal 
subfields, J. Algebra 240 (2001), no. 2, 808-821. 

M. Artin and H.P.F. Swinnerton-Dyer, The Shafarevich-Tate conjecture for pencils 

of elliptic curves on K3 surfaces, Invent. Math. 20 (1973), 249-266. 

S. Baek, Invariants of simple algebras, Ph.D. thesis, UCLA, 2010. 

E. Beneish, Induction theorems on the stable rationality of the center of the ring of 

generic matrices, Trans. Amer. Math. Soc. 350 (1998), no. 9, 3571-3585. 

, Centers of generic algebras with involution, J. Algebra 294 (2005), no. 1, 

41-50. 

G. Berhuy and G. Favi, Essential dimension: a functorial point of view (after A. 
Merkurjev), Doc. Math. 8 (2003), 279-330. 

G. Berhuy, C. Frings, and J. -P. Tignol, Galois cohomology of the classical groups over 
imperfect fields, J. Pure Appl. Algebra 211 (2007), 307-341. 

K.J. Becher and D.W. Hoffmann, Symbol lengths in Milnor K-theory, Homology 
Homotopy Appl. 6 (2004), no. 1, 17-31. 

E. Bayer-Fluckiger and H.W. Lenstra, Jr., Forms in odd degree extensions and self- 
dual normal bases, Amer. J. Math. 112 (1990), no. 3, 359-373. 

C. Bessenrodt and L. Le Bruyn, Stable rationality of certain PGL n - quotients, Invent. 
Math. 104 (1991), no. 1, 179-199. 

S. Baek and A. Merkurjev, Invariants of simple algebras, Manuscripta Math. 129 
(2009), no. 4, 409-421. 

, Essential dimension of central simple algebras, preprint at 

http://www.mathematik.uni-bielefeld.de/LAG/man/382.html, 2010. 

E. Brussel, K. McKinnie, and E. Tengan, Indecomposable and noncrossed product 

division algebras over function fields of smooth p-adic curves, arxiv:0907.0670, July 

2009. 

R. Brauer and E. Noether, Uber minimale Zerfallungskdrper irreduzibler Darstellun- 
gen, Sitzungsberichte Akad. Berlin (1927), 221-228. 
N. Bourbaki, Algebra II, Springer- Verlag, 1988. 

, Commutative algebra chapters 1-7, Springer- Verlag, 1988. 

A. Brumer and M. Rosen, On the size of the Brauer group, Proc. Amer. Math. Soc. 
19 (1968), 707-711. 

J. Buhler and Z. Reichstein, On the essential dimension of a finite group, Compositio 
Math. 106 (1997), no. 2, 159-179. 

R. Brauer, On normal division algebras of index 5, Proc. Natl. Acad. Sci. USA 24 
(1938), no. 6, 243-246. 

E.S. Brussel, Noncrossed products and nonabelian crossed products over Q(t) and 
Q((0). Amer. J. Math. 117 (1995), no. 2, 377-393. 

, Division algebras not embeddable in crossed products, J. Algebra 179 (1996), 

no. 2, 631-655. 

, An arithmetic obstruction to division algebra decomposability, Proc. Amer. 

Math. Soc. 128 (2000), no. 8, 2281-2285. 

, The division algebras and Brauer group of a strictly Henselian field, J. Al- 
gebra 239 (2001), no. 1, 391-411. 

, On Saltman's p-adic curves papers, pp. 13-38, Springer, 2010, in [CTGSS10]. 



P. Brosnan, Z. Reichstein, and A. Vistoli, Essential dimension, spinor groups, and 
quadratic forms, Ann. of Math. 171 (2010), no. 1, 533-544. 

E. Bayer-Fluckiger, D.B. Shapiro, and J. -P. Tignol, Hyperbolic involutions, Math. 
Zeit. 214 (1993), no. 3, 461-476. 

E. Brussel and E. Tengan, Division algebras of prime period over function fields of 
p-adic curves (tame case), arxiv.org:1003.1906, 2010. 

F. Chatelet, Variations sur un theme de H. Poincare, Ann. Ecole Norm. 59 (1944), 
no. 3, 249-300. 

D. Chillag and J. Sonn, Sylow-metacyclic groups and CI- admissibility, Israel J. Math. 
40 (1981), no. 3-4, 307-323. 

J.-L. Colliot-Thelene, S. Garibaldi, R. Sujatha, and V. Suresh (eds.), Quadratic forms, 
linear algebraic groups, and cohomology, Developments in Mathematics, vol. 18, 
Springer, 2010. 



:S4 



ASHER AUEL, ERIC BRUSSEL, SKIP GARIBALDI, AND UZI VISHNE 



[dJ04] A.J. de Jong, The period-index problem for the Brauer group of an algebraic surface, 

Duke Math. J. 123 (2004), no. 1, 71-94. 

[Dra83] P.K. Draxl, Skew fields, London Math. Soc. Lecture Note Series, vol. 81, Cambridge 
University Press, Cambridge-New York, 1983. 

[Efr97] I. Efrat, On fields with finite Brauer groups, Pacific J. Math. 177 (1997), no. 1, 33-46. 

[EKM08] R.S. Elman, N. Karpenko, and A. Merkurjev, The algebraic and geometric theory of 
quadratic forms, Amer. Math. Soc, 2008. 

[Fei94] W. Feit, The Q- admissibility o/2Ag and 2Aj, Algebraic geometry and its applications 
(West Lafayette, IN, 1990), Springer, New York, 1994, pp. 197-202. 

[Fei02] , SL(2, 11) is Q-admissible, J. Algebra 257 (2002), no. 2, 244-248. 

[Fei04] , PSL2(11) is admissible for all number fields, Algebra, arithmetic and geome- 
try with applications (West Lafayette, IN, 2000), Springer, Berlin, 2004, pp. 295-299. 

[FF90] P. Feit and W. Feit, The K -admissibility of SL(2, 5), Geom. Dedicata 36 (1990), 
no. 1, 1-13. 

[FF08] G. Favi and M. Florence, Tori and essential dimension, J. Algebra 319 (2008), no. 9, 

3885-3900. 

[For81] T.J. Ford, Every finite abelian group is the Brauer group of a ring, Proc. Amer. Math. 

Soc. 82 (1981), no. 3, 315-321. 
[For02] E. Formanek, The ring of generic matrices, J. Algebra 258 (2002), 310-320. 
[FS76] B. Fein and M.M. Schacher, Brauer groups of fields algebraic over Q, J. Algebra 43 

(1976), no. 1, 328-337. 

[FSS93] B. Fein, D.J. Saltman, and M.M. Schacher, Crossed products over rational function 

fields, J. Algebra 156 (1993), no. 2, 454-493. 
[FV87] W. Feit and P. Vojta, Examples of some Q-admissible groups, J. Number Theory 26 

(1987), no. 2, 210-226. 

[Gar09a] S. Garibaldi, Cohomological invariants: exceptional groups and spin groups, vol. 200, 
Memoirs Amer. Math. Soc, no. 937, Amer. Math. Soc, 2009, with an appendix by 
Detlev W. Hoffmann. 

[Gar09b] , Orthogonal involutions on algebras of degree 16 and the Killing form of Eg, 

Quadratic forms— algebra, arithmetic, and geometry (R. Baeza, W.K. Chan, D.W. 

Hoffmann, and R. Schulze-Pillot, eds.), Contemp. Math., vol. 493, 2009, with an 

appendix by Kirill Zainoulline, pp. 131-162. 
[Gil09] P. Gille, he probleme de Kneser-Tits, Asterisque 326 (2009), 39-82. 
[GMS03] S. Garibaldi, A. Merkurjev, and J-P. Serre, Cohomological invariants in Galois co- 

homology, University Lecture Series, vol. 28, Amer. Math. Soc, 2003. 
[Gor40] L.I. Gordon, Normal division algebras of degree four, Master's thesis, University of 

Chicago, 1940. 

[GS77] B. Gordon and M.M. Schacher, Quartic coverings of a cubic, Number theory and 

algebra, Academic Press, New York, 1977, pp. 97-101. 

[GS79] , The admissibility of A 5 , J. Number Theory 11 (1979), no. 4, 498-504. 

[GS06] P. Gille and T. Szamuely, Central simple algebras and Galois cohomology, Cambridge 

studies in Advanced Math., vol. 101, Cambridge, 2006. 
[GS10] S. Garibaldi and D.J. Saltman, Quaternion algebras with the same subfields, pp. 217- 

230, Springer, 2010, in [CTGSS10]. 
[Hai94] D.E. Haile, On dihedral algebras and conjugate splittings, Rings, extensions, and 

cohomology (Evanston, IL, 1993), Lecture Notes in Pure and Appl. Math., vol. 159, 

Dekker, New York, 1994, pp. 107-111. 
[Han05] T. Hanke, A twisted Laurent series ring that is a noncrossed product, Israel J. Math. 

150 (2005), 199-203. 

[Has27] H. Hasse, Existenz gewisser algebraischer Zahlkorper, Sitzungsberichte Akad. Berlin 
(1927), 229-234. 

[Her68] I.N. Herstein, Noncommutative rings, The Carus Mathematical Monographs, vol. 15, 
Math. Assoc. Amer., 1968. 

[HHK09] D. Harbater, J. Hartmann, and D. Krashen, Applications of patching to quadratic 
forms and central simple algebras, Invent. Math. 178 (2009), 231-263. 

[HHKar] , Patching subfields of division algebras, Trans. Amer. Math. Soc. (to appear). 

[HKRT96] D. Haile, M.-A. Knus, M. Rost, and J. -P. Tignol, Algebras of odd degree with involu- 
tion, trace forms and dihedral extensions, Israel J. Math. 96 (1996), 299-340. 



OPEN PROBLEMS ON CENTRAL SIMPLE ALGEBRAS 



35 



[HLR86] G. Harder, R.P. Langlands, and M. Rapoport, Algebraische Zyklen auf Hilbert- 
Blumenthal-Flachen, J. Reine Angew. Math. 366 (1986), 53-120. 

[HS00] M. Hindry and J.H. Silverman, Diophantine geometry, Graduate Texts in Mathemat- 
ics, vol. 201, Springer- Verlag, New York, 2000. 

[11179] L. Illusie, Complexe de de Rhara-Witt et cohomologie cristalline, Ann. Sci. Ecole 

Norm. Sup. (4) 12 (1979), no. 4, 501-661. 

[Jac91] B. Jacob, Indecomposable division algebras of prime exponent, J. reine angew. Math. 
413 (1991), 181-197. 

[Jac96] N. Jacobson, Finite- dimensional division algebras over fields, Springer, 1996. 
[JLY02] C.U. Jensen, A. Ledet, and N. Yui, Generic polynomials, Mathematical Sciences 

Research Institute Publications, vol. 45, Cambridge University Press, Cambridge, 

2002, Constructive aspects of the inverse Galois problem. 
[JW86] B. Jacob and A. Wadsworth, A new construction of noncrossed product algebras, 

Trans. Amer. Math. Soc. 293 (1986), no. 2, 693-721. 
[JW93] , Division algebras with no common subfields, Israel J. Math. 83 (1993), no. 3, 

353-360. 

[KahOO] B. Kahn, Comparison of some field invariants, J. Algebra 232 (2000), no. 2, 485-492. 

[Kah08] , Formes quadratiques sur un corps, Soc. Math. France, Paris, 2008. 

[Kar95] N.A. Karpenko, Torsion in CH 2 of Severi-Brauer varieties and indecomposability of 

generic algebras, Manuscripta Math. 88 (1995), no. 1, 109-117. 
[Kar98] , Codimension 2 cycles on Severi-Brauer varieties, X-Theory 13 (1998), no. 4, 

305-330. 

[Kar99] , Three theorems on common splitting fields of central simple algebras, Israel 

J. Math. Ill (1999), 125-141. 
[KarOO] , On anisotropy of orthogonal involutions, J. Ramanujan Math. Soc. 15 (2000), 

no. 1, 1-22. 

[Kar09a] , Isotropy of orthogonal involutions, http://www.math.uni-bielefeld.de/LAG/, 

November 2009. 

[Kar09b] , On isotropy of quadratic pair, Quadratic forms— algebra, arithmetic, and 

geometry (R. Baeza, W.K. Chan, D.W. Hoffmann, and R. Schulze-Pillot, eds.), Con- 
temp. Math., vol. 493, 2009, pp. 211-217. 

[KarlO] , Canonical dimension, Proceedings of the International Congress of Mathe- 
maticians, Hyderabad, India, 2010, to appear. 

[Karar] , Hyperbolicity of orthogonal involutions, Doc. Math, (to appear), with an 

appendix by J. -P. Tignol. 

[Kat90] P.I. Katsylo, Stable rationality of fields of invariants of linear representations of the 
groups PSL 6 and PSL 12 , Math. Notes 48 (1990), no. 2, 751-753. 

[Ker90] I. Kersten, Brauergruppen von Korpern, Friedr. Vieweg & Sohn, Braunschweig, 1990. 

[KM08] N.A. Karpenko and A.S. Merkurjev, Essential dimension of finite p-groups, Invent. 
Math. 172 (2008), no. 3, 491-508. 

[KM10] D. Krashen and K. McKinnie, Distinguishing division algebras by finite splitting fields, 
arxiv:1001.3685, January 2010. 

[KMRT98] M.-A. Knus, A.S. Merkurjev, M. Rost, and J.-P. Tignol, The book of involutions, 
Colloquium Publications, vol. 44, Amer. Math. Soc, 1998. 

[KR94] I. Kersten and U. Rehmann, Generic splitting of reductive groups, Tohoku Math. J. 
(2) 46 (1994), 35-70. 

[Kra03] D. Krashen, Severi-Brauer varieties of semidirect product algebras, Doc. Math. 8 
(2003), 527-546. 

[KralO] , Corestrictions of algebras and splitting fields, Trans. Amer. Math. Soc. 362 

(2010), 4781-4792. 

[KS03] H. Kisilevsky and J. Sonn, On the n-torsion subgroup of the Brauer group of a number 

field, J. Theorie des Nombres de Bordeaux 15 (2003), 199-203. 
[KS06] , Abelian extensions of global fields with constant local degrees, Math. Research 

Letters 13 (2006), 599-605. 
[Lag96] A. Laghribi, Isotropic de certaines formes quadratiques de dimensions 7 et 8 sur le 

corps des fonctions d'une quadrique, Duke Math. J. 85 (1996), no. 2, 397-410. 
[LanOO] A. Langer, Zero-cycles on Hilbert-Blumenthal surfaces, Duke Math. J. 103 (2000), 

no. 1, 131-163. 



ASHER AUEL, ERIC BRUSSEL, SKIP GARIBALDI, AND UZI VISHNE 



[Lan04] 

[Le 91] 

[Led07] 

[Lem04] 

[Lie96] 

[Lie08] 

[LLR04] 

[LLR05] 
[LLT93] 

[LMMR09] 

[LRRS03] 

[Mam92] 

[Mat08] 

[McK07] 

[McK08] 

[Mer81] 

[Mer83] 
[Mer85] 

[Mer86] 

[Mer92] 

[Mer93] 
[Mer06] 
[MerlO] 
[Merar] 

[Mil68] 

[Mil70] 
[Mil75] 

[Mil80] 
[MM91] 

[MPW96] 

[MPW98] 

[MR87] 



, On the Tate- conjecture for Hilbert modular surfaces infinite characteristic, 

J. Reine Angew. Math. 570 (2004), 219-228. 

L. Le Bruyn, Centers of generic division algebras, the rationality problem 1965-1990, 
Israel J. Math. 76 (1991), 97-111. 

A. Ledet, Finite groups of essential dimension one, J. Algebra 311 (2007), no. 1, 
31-37. 

N. Lemire, Essential dimension of algebraic groups and integral representations of 
Weyl groups, Transform. Groups 9 (2004), no. 4, 337-379. 

S. Liedahl, K -admissibility of wreath products of cyclic p-groups, J. Number Theory 
60 (1996), no. 2, 211-232. 

M. Lieblich, Twisted sheaves and the period-index problem, Compositio Math. 144 
(2008), 1-31. 

Q. Liu, D. Lorenzini, and M. Raynaud, Neron models, Lie algebras, and reduction of 
curves of genus one, Invent. Math. 157 (2004), no. 3, 455-518. 

, On the Brauer group of a surface, Invent. Math. 159 (2005), no. 3, 673-676. 

T.-Y. Lam, D. Leep, and J. -P. Tignol, Biguaternion algebras and guartic extensions, 
Inst. Hautes Etudes Sci. Publ. Math. (1993), no. 77, 63-102. 

R. Lotscher, M. MacDonald, A. Meyer, and Z. Reichstein, Essential p-dimension of 
algebraic tori, arXiv:0910.5574vl preprint, 2009. 

M. Lorenz, Z. Reichstein, L. H. Rowen, and D. J. Saltman, Fields of definition for 
division algebras, J. London Math. Soc. (2) 68 (2003), no. 3, 651-670. 
P. Mammone, On the tensor product of division algebras, Arch. Math. (Basel) 58 
(1992), no. 1, 34-39. 

E. Matzri, All dihedral algebras of degree 5 are cyclic, Proc. Amer. Math. Soc. 136 
(2008), 1925-1931. 

K. McKinnie, Prime top extensions of the generic abelian crossed product, J. Algebra 
317 (2007), no. 2, 813-832. 

, Indecomposable p-algebras and Galois subfields in generic abelian crossed 

products, J. Algebra 320 (2008), no. 5, 1887-1907. 

A.S. Merkurjev, On the norm residue symbol of degree 2, Soviet Math. Dokl. 24 
(1981), 546-551. 

, Brauer groups of fields, Comm. Alg. 11 (1983), 2611-2624. 

, Divisible brauer groups (Russian), Uspehi Mat. Nauk 40 (1985), no. 2(242), 

213-214. 

, On the structure of the Brauer group of fields, Math. USSR Izv. 27 (1986), 

Simple algebras and quadratic forms, Math. USSR Izv. 38 (1992), no. 1, 

, Generic element in SK\ for simple algebras, i<"-Theory 7 (1993), 1-3. 

, The group SK\ for simple algebras, A'-Theory 37 (2006), no. 3, 311—319. 

, Essential p-dimension of PGL p2 , J. Amer. Math. Soc. 23 (2010), 693-712. 

, A lower bound on the essential dimension of simple algebras, Algebra & 

Number Theory (to appear). 

J.S. Milne, The Tate-Safarevic group of a constant abelian variety, Invent. Math. 6 
(1968), 91-105. 

, The Brauer group of a rational surface, Invent. Math. 11 (1970), 304-307. 

, On a conjecture of Artin and Tate, Ann. of Math. (2) 102 (1975), no. 3, 



141-157. 



215-221. 



517-533. 

, Etale cohomology, Princeton University Press, 1980. 

P. Mammone and A. Merkurjev, On the corestriction of p n -symbol, Israel J. Math. 
76 (1991), no. 1-2, 73-79. 

A.S. Merkurjev, I. Panin, and A.R. Wadsworth, Index reduction formulas for twisted 
flag varieties, I, K- Theory 10 (1996), 517-596. 

, Index reduction formulas for twisted flag varieties, II, ii"-Theory 14 (1998), 

no. 2, 101-196. 

V. Kumar Murty and D. Ramakrishnan, Period relations and the Tate conjecture for 
Hilbert modular surfaces, Invent. Math. 89 (1987), no. 2, 319-345. 



OPEN PROBLEMS ON CENTRAL SIMPLE ALGEBRAS 



.37 



[MR09] 

[MS83] 

[MT87] 

[Nak38] 

[N085] 

[Nyg83] 

[Pie82] 

[Pla75] 

[Pop05] 

[PR09] 

[Pro67] 

[PS98] 

[PS99] 

[PS05] 

[PSar] 

[PSS93] 

[PSS01] 

[PSW07] 

[Rei99] 

[ReiOO] 

[ReilO] 

[Ris75] 

[Ris77] 

[Roq64] 

[Roq04] 

[RosOO] 
[Row78] 
[Row81] 

[Row82] 
[Row84] 



A. Meyer and Z. Reichstein, An upper bound on the essential dimension of a central 
simple algebra, Journal of Algebra in press (2009). 

A. S. Merkurjev and A. A. Suslin, K -cohomology of Severi-Brauer varieties and the 
norm residue homomorphism, Math. USSR Izv. 21 (1983), no. 2, 307-340. 

P. Mammone and J. -P. Tignol, Dihedral algebras are cyclic, Proc. Amer. Math. Soc. 
101 (1987), no. 2, 217-218. 

T. Nakayama, Divisionalgebren iiber diskret beuierteten perfekten Korpen, J. Reine 
Angew. Math. 178 (1938), 11-13. 

N. Nygaard and A. Ogus, Tate's conjecture for K3 surfaces of finite height, Ann. of 
Math. (2) 122 (1985), no. 3, 461-507. 

N. O. Nygaard, The Tate conjecture for ordinary K3 surfaces over finite fields, In- 
vent. Math. 74 (1983), no. 2, 213-237. 

R.S. Pierce, Associative algebras, Graduate Texts in Mathematics, vol. 88, Springer, 
1982. 

V.P. Platonov, On the Tannaka-Artin problem, Soviet Math. Dokl. 16 (1975), no. 2, 
468-473. 

C. Popescu, Torsion subgroups of Brauer groups and extensions of constant local 

degree for global function fields, J. Number Theory 115 (2005), 27-44. 

G. Prasad and A.S. Rapinchuk, Weakly commensurable arithmetic groups and isospec- 

tral locally symmetric spaces, Pub. Math. IHES 109 (2009), no. 1, 113-184. 

C. Procesi, Non-commutative affine rings, Atti Accad. Naz. Lincei Mem. CI. Sci. Fis. 

Mat. Natur. Sez. I (8) 8 (1967), 237-255. 

R. Parimala and V. Suresh, Isotropy of quadratic forms over function fields of p-adic 
curves, Inst. Hautes Etudes Sci. Publ. Math. (1998), no. 88, 129-150 (1999). 

B. Poonen and M. Stoll, The Cassels-Tate pairing on polarized abelian varieties, Ann. 
of Math. (2) 150 (1999), no. 3, 1109-1149. 

R. Parimala and V. Suresh, On the length of a quadratic form, Algebra and number 
theory, Hindustan Book Agency, Delhi, 2005, pp. 147—157. 

, The u-invariant of the function fields of p-adic curves, Ann. Math. (2) (to 

appear) . 

R. Parimala, R. Sridharan, and V. Suresh, A question on the discriminants of invo- 
lutions of central division algebras, Math. Ann. 297 (1993), 575-580. 

, Hermitian analogue of a theorem of Springer, J. Algebra 243 (2001), no. 2, 

780-789. 

C. Popescu, J. Sonn, and A. Wadsworth, n-torsion of Brauer groups of abelian ex- 
tensions, J. Number Theory 125 (2007), 26-38. 

Z. Reichstein, On a theorem of Hermite and Joubert, Canad. J. Math. 51 (1999), 
no. 1, 69-95. 

, On the notion of essential dimension for algebraic groups, Transform. Groups 

5 (2000), no. 3, 265-304. 

, Essential dimension, Proceedings of the International Congress of Mathe- 
maticians, Hyderabad, India, 2010, to appear. 

L.J. Risman, Zero divisors in tensor products of division algebras, Proc. Amer. Math. 
Soc. 51 (1975), 35-36. 

, Cyclic algebras, complete fields, and crossed products, Israel J. Math. 28 

(1977), no. 1-2, 113-128. 

P. Roquette, Isomorphisms of generic splitting fields of simple algebras, J. reine 
angew. Math. 214/215 (1964), 207-226. 

, The Brauer-Hasse-Noether theorem in historical perspective, Schriften der 

Math.-Phys. Klasse der Heidelberger Akademie der Wissenschaften, no. 15, 2004. 

M. Rost, Computation of some essential dimensions, preprint, 2000. 

L.H. Rowen, Central simple algebras, Israel J. Math. 29 (1978), no. 2-3, 285-301. 

, Division algebra counterexamples of degree 8, Israel J. Math. 38 (1981), 

51-57. 

, Cyclic division algebras, Israel J. Math. 41 (1982), no. 3, 213-234. 

, Division algebras of exponent 2 and characteristic 2, J. Algebra 90 (1984), 

71-83. 



38 ASHER AUEL, ERIC BRUSSEL, SKIP GARIBALDI, AND UZI VISHNE 

[Row88] , Ring theory. Vol. II, Pure and Applied Mathematics, vol. 128, Academic 

Press Inc., Boston, MA, 1988. 
[Row91] , Ring theory. Student edition, Academic Press, 1991. 

[Row99] , Are p-algebras having cyclic quadratic extensions necessarily cyclic?, J. Al- 
gebra 215 (1999), 205-228. 

[RR09] A. Rapinchuk and I. Rapinchuk, On division algebras having the same maximal sub- 
fields, arxiv:0910.3368v2, 2009. 

[RS82] L.H. Rowen and D.J. Saltman, Dihedral algebras are cyclic, Proc. Amer. Math. Soc. 
84 (1982), no. 2, 162-164. 

[RS92] , Prime to p extensions, Israel J. Math. 78 (1992), 197-207. 

[RS96] , Semidirect product division algebras, Israel J. Math. 96 (1996), 527-552. 

[RST06] M. Rost, J-P. Serre, and J. -P. Tignol, La forme trace d'une algebre simple centrale 
de degre 4, C. R. Math. Acad. Sci. Paris 342 (2006), 83-87. 

[RuolO] A. Ruozzi, Essential p-dimension of PGL, preprint at 

www . mathemat ik . uni -bielef eld . de/LAG/man/385 . html , 2010. 

[RY00] Z. Reichstein and B. Youssin, Essential dimensions of algebraic groups and a resolu- 
tion theorem for G-varieties, Canad. J. Math. 52 (2000), no. 5, 1018-1056, With an 
appendix by Janos Kollar and Endre Szabo. 

[RY01] , Splitting fields of G-varieties, Pacific J. Math. 200 (2001), no. 1, 207-249. 

[Sal77] D.J. Saltman, Splittings of cyclic p-algebras, Proc. Amer. Math. Soc. 62 (1977), 223- 
228. 

[Sal78a] , Noncrossed product p-algebras and Galois p-extensions, J. Algebra 52 (1978), 

302-314. 

[Sal78b] , Noncrossed products of small exponent, Proc. Amer. Math. Soc. 68 (1978), 

165-168. 

[Sal79] , Indecomposable division algebras, Comm. Algebra 7 (1979), no. 8, 791-817. 

[Sal80] , On p-power central polynomials, Proc. Amer. Math. Soc. 78 (1980), 11-13. 

[Sal84] , Review: John Dauns, "A concrete approach to division rings" and P.K. 

Draxl, "Skew fields", Bull. Amer. Math. Soc. (N.S.) 11 (1984), no. 1, 214-221. 
[Sal85] , The Brauer group and the center of generic matrices, J. Algebra 97 (1985), 

53-67. 

[Sal92] , Finite dimensional division algebras, Azumaya algebras, actions, and mod- 
ules, Contemp. Math., vol. 124, Amer. Math. Soc, 1992, pp. 203-214. 

[Sal97a] , Division algebras over p-adic curves, J. Ramanujan Math. Soc. 12 (1997), 

25-47, see also the erratum [Sal98] and survey [BrulO]. 

[Sal97b] , H 3 and generic matrices, J. Algebra 195 (1997), 387-422. 

[Sal98] , Correction to division algebras over p-adic curves, J. R.amanujan Math. Soc. 

13 (1998), 125-129. 

[Sal99] , Lectures on division algebras, CBMS Regional Conference Series in Mathe- 
matics, vol. 94, American Mathematical Society, Providence, RI, 1999. 

[SalOl] , Amitsur and division algebras, Selected papers of S.A. Amitsur with com- 
mentary, part 2, Amer. Math. Soc, 2001, pp. 109-115. 

[Sal02] , Invariant fields of symplectic and orthogonal groups, J. Algebra 258 (2002), 

no. 2, 507-534. 

[Sal07] , Cyclic algebras over p-adic curves, J. Algebra 314 (2007), 817-843. 

[Sch68] M.M. Schacher, Subfields of division rings. I, J. Algebra 9 (1968), 451-477. 
[Sch92] A. Schofield, Matrix invariants of composite size, J. Algebra 147 (1992), no. 2, 345- 
349. 

[Ser95] J-P. Serre, Cohomologie galoisienne: progres et problemes, Asterisque (1995), no. 227, 

229-257, Seminaire Bourbaki, vol. 1993/94, Exp. 783, (= Oe. 166). 
[Ser08] , Topics in Galois theory, 2nd ed., Research Notes in Mathematics, vol. 1, A 

K Peters Ltd., Wellesley, MA, 2008, With notes by Henri Darmon. 
[Siv05] A.S. Sivatski, Applications of Clifford algebras to involutions and quadratic forms, 

Comm. Alg. 33 (2005), no. 3, 937-951. 
[Son83] J. Sonn, CI- admissibility of solvable groups, J. Algebra 84 (1983), no. 2, 411-419. 
[SS73] M.M. Schacher and L. Small, Noncrossed products in characteristic p, J. Algebra 24 

(1973), 100-103. 



OPEN PROBLEMS ON CENTRAL SIMPLE ALGEBRAS 



39 



[SS92] M.M. Schacher and J. Sonn, K -admissibility of Ae and A7, J. Algebra 145 (1992), 

no. 2, 333-338. 

[ST02] D.J. Saltman and J. -P. Tignol, Generic algebras with involution of degree 8m, J. 

Algebra 258 (2002), no. 2, 535-542. 
[SurlO] V. Suresh, Bounding the symbol length in the Galois cohomology of function fields of 

p-adic curves, Comment. Math. Helv. 85 (2010), no. 2, 337-346. 
[Sus91] A. A. Suslin, SKi of division algebras and Galois cohomology, Advances in Soviet 

Mathematics 4 (1991), 75-101. 
[SvdB92] A. Schofield and M. van den Bergh, The index of a Brauer class on a Brauer-Severi 

variety, Trans. Amer. Math. Soc. 333 (1992), no. 2, 729-739. 
[TA85] J. -P. Tignol and S.A. Amitsur, Kummer subfields of Malcev- Neumann division alge- 
bras, Israel J. Math. 50 (1985), 114-144. 

[TA86] , Symplectic modules, Israel J. Math. 54 (1986), no. 3, 266-290. 

[Tat65] J. Tate, Algebraic cycles and poles of zeta functions, Arithmetical Algebraic Geometry 

(Proc. Conf. Purdue Univ., 1963), Harper & Row, New York, 1965, pp. 93-110. 
[Tat66a] , Endomorphisms of abelian varieties over finite fields, Invent. Math. 2 (1966), 

134-144. 

[Tat66b] , On the conjectures of Birch and Swinnerton-Dyer and a geometric analog, 

Seminaire Bourbaki, Vol. 1965/1966, Exp. 295-312, no. 306, W. A. Benjamin, Inc., 
New York-Amsterdam, 1966, pp. 415-440. 

[Tei36] O. Teichmiiller, p-algebren, Deutsche Math. 1 (1936), 362-388. 

[Tei37] , Zerfallende zyklische p-algebren, J. reine angew. Math. 176 (1937), 157-160. 

[Tig84] J. -P. Tignol, On the length of decompositions of central simple algebras in tensor 
products of symbols, Methods in ring theory (Antwerp, 1983), NATO Adv. Sci. Inst. 
Ser. C Math. Phys. Sci., vol. 129, Reidel, Dordrecht, 1984, pp. 505-516. 

[Tig86] , Cyclic and elementary abelian subfields of Malcev-Neumann division alge- 
bras, J. Pure Appl. Algebra 42 (1986), no. 2, 199-220. 

[Tig87] , On the corestriction of central simple algebras, Math. Zeit. 194 (1987), no. 2, 

267-274. 

[Tig06] , La forme seconde trace d'une algebre simple centrale de degre 4 de carac- 

teristique 2, C. R. Math. Acad. Sci. Paris 342 (2006), 89-92. 

[Tit66] J. Tits, Classification of algebraic semisimple groups, Algebraic Groups and Discon- 
tinuous Subgroups, Proc. Symp. Pure Math., vol. IX, AMS, 1966, pp. 32-62. 

[Tit 78] , Groupes de Whitehead de groupes algebriques simples sur un corps (d'apres 

V.P. Platonov et al), Lecture Notes in Math., vol. 677, ch. Exp. No. 505, pp. 218-236, 
Springer, Berlin, 1978. 

[Tre91] S. L. Tregub, Birational equivalence of Brauer-Severi manifolds, Russian Math. Sur- 
veys 46 (1991), no. 6, 229. 

[TW87] J. -P. Tignol and A.R. Wadsworth, Totally ramified valuations on finite- dimensional 
division algebras, Trans. Amer. Math. Soc. 302 (1987), no. 1, 223-250. 

[Ura96] T. Urabe, The bilinear form of the Brauer group of a surface, Invent. Math. 125 
(1996), no. 3, 557-585. 

[Vis03] U. Vishne, Dihedral crossed products of exponent 2 are abelian, Arch. Math. (Basel) 

80 (2003), no. 2, 119-122. 
[Vis04] , Galois cohomology of fields without roots of unity, J. Algebra 279 (2004), 

451-492. 

[Vos98] V.E. Voskresenskh, Algebraic groups and their birational invariants, Translations of 
Mathematical Monographs, vol. 179, AMS, Providence, RI, 1998. 

[Wan50] S. Wang, On the commutator group of a simple algebra, Amer. J. Math. 72 (1950), 
323-334. 

[Wed21] J.H.M. Wedderburn, On division algebras, Trans. Amer. Math. Soc. 22 (1921), 129- 
135. 

[Wei60] A. Weil, Algebras with involution and the classical groups, J. Indian Math. Soc. 24 
(1960), 589-623. 

[Wit34] E. Witt, Gegenbeispiel zum Normensatz, Math. Zeit. 39 (1934), 12-28. 

[Wit37] , Zyklische Korper und Algebren der characteristik p vom Grad p n . Struk- 

tur diskret bewerteter perfekter Korper mit vollkommenem Restklassen-kdrper der 

Charakteristik p, J. Reine Angew. Math. (1937), 126-140. 



40 ASHER AUEL, ERIC BRUSSEL, SKIP GARIBALDI, AND UZI VISHNE 

(Auel, Brussel, Garibaldi) Department of Mathematics & Computer Science, 400 
Dowman Drive, Emory University, Atlanta, Georgia, USA 30322 

(Vishne) Department of Mathematics & Statistics, Bar-Ilan University, Ramat- 
Gan 52900, Israel 



